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Abstract

An extensive literature in finance has considered optimal asset allocations in the presence of
predictability of returns, but the effect of model instability (‘breaks’) has largely been ignored.
This poses an important concern when the parameters of return prediction models are estimated
on data samples spanning several decades during which the parameters are unlikely to remain
constant. In this paper we adopt a new approach that accounts for breaks to return prediction
models both in the historical estimation period and at future (out-of-sample) points. The analysis
covers optimal asset allocation under parameter uncertainty, model uncertainty and uncertainty
about the stability of the return forecasting model, as captured by the number of potential
breaks. Our empirical findings suggest that model instability has a large effect on the asset

allocation when compared to the effect of parameter estimation and model uncertainty.
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1. Introduction

A key question addressed by the finance literature is the economic value of predictability of stock
returns from the perspective of a small investor.! However, most studies ignore the full set of uncer-
tainties that investors encounter when attempting to exploit return predictability. Most obviously,
the parameters of return prediction models are typically estimated with considerable uncertainty
- a point emphasized by Kandel & Stambaugh (1996) and Barberis (2000) who propose Bayesian
methods for integrating out this type of uncertainty. Moreover, since finance theory often does not
identify which particular predictor variables to include, how to measure such variables and which
functional form to use, investors also face model uncertainty. This point has been explored by
Avramov (2002) and Cremers (2002).

One aspect of return predictability that has received far less attention is model instability.
Historically, there appears to have been a positive correlation between the lagged dividend yield
and subsequent stock returns. However, the 1990s saw an unprecedented bull market with large
stock returns and historically low values of the dividend yield. This brought many to question
the stability of the relation between the dividend yield and stock returns. Indeed, as pointed out
by Pastor & Stambaugh (2001), p. 1207, “Finance practitioners and academics often elect to rely
on more recent data ... motivated in part by concerns that the probability distribution of excess
returns changes over time, experiencing shifts known as “structural breaks””.

There are good reasons for questioning the model stability assumption. Model instability has
been found to be empirically important for a variety of economic and financial variables, see, e.g.,
Bai, Lumsdaine & Stock (1998), Clements & Hendry (1998), Paye & Timmermann (2006) and Stock
& Watson (1996). Natural candidates for explanations of breaks such as institutional, legislative
and technological change, large macroeconomic (oil price) shocks or changes in monetary targets
or tax policy are known to occur in samples spanning long periods of time. This is important
since predictability in stock returns is generally rather weak, necessitating the use of long spans of
data in order to obtain reasonably precise estimates of the underlying regression coefficients. For
example, Barberis (2000) uses monthly data from 1927 to 1995 to estimate the coefficient of the
dividend yield in a return forecasting model. However, it is unlikely that this coefficient remained
constant through a sample spanning the Great Depression, World War I, the stagflation period of
the seventies and the run-up in stock prices during the 1990s.

The model stability assumption is particularly important to asset allocation decisions since
these rely on forecasts of future returns, often at long horizons. Suppose it is found that there are
breaks in the parameters of the return prediction model over some historical sample. If such breaks
occurred in the past it would seem plausible to assume that they could also appear in the future.
This introduces an extra source of risk related to when the next break(s) will occur, how long new
‘regimes’ will last and how large any shifts in the parameters of the return equation will be. How

these issues are addressed is important since return forecasts and asset allocations can be very

!'See, e.g., Ait-Sahalia & Brandt (2001), Avramov (2002), Barberis (2000), Brandt (1999), Brennan, Schwartz &
Lagnado (1997), Campbell & Viceira (1999), Kandel & Stambaugh (1996) and Xia (2001).



sensitive to investors’ beliefs (see, e.g., Geweke (2001) and Pesaran, Pettenuzzo & Timmermann
(2007).)

To address the effect of model instability, we propose in this paper an approach that accounts
for breaks in return forecasting models. Our approach builds on Chib (1998), Pastor & Stambaugh
(2001) and Pesaran, Pettenuzzo & Timmermann (2006) in proposing a changepoint model driven by
an unobserved discrete state variable. This allows us to detect structural breaks in the historical data
sample. To forecast future returns under breaks, we introduce a meta distribution that characterizes
how the parameters of the return model vary across different break segments. The model nests as
special cases both a pooled scenario where the similarity between the parameters in the different
‘regimes’ is very strong (corresponding to a narrow dispersion of the distribution of these parameters
across regimes) as well as a more idiosyncratic scenario where these parameters have little in common
and can be very different (corresponding to a wide dispersion). Which of these cases is most in line
with the data is reflected in the posterior distribution of the parameters across regimes.

Our approach is very general and allows for uncertainty about the timing (dates) of historical
breaks as well as uncertainty about the number of breaks. We also extend our setup to allow for
uncertainty about the identity of the predictor variables (model uncertainty) using Bayesian model
averaging techniques as proposed by Avramov (2002) and Cremers (2002). Hence, investors are not
assumed to know the true model or its parameter values, nor do they know the number and timing
of past or future breaks. Instead, they come with prior beliefs about the “meta” distribution from
which current and future values of the parameters of the return model are drawn and update these
beliefs efficiently according to Bayes’ rule as new data is observed.

Our empirical analysis investigates predictability of US stock returns using two popular predictor
variables, namely the dividend yield and the short interest rate. We find evidence of several breaks
in return models based on either predictor variable in a data sample covering the period 1926-
2005. Many of the break dates coincide with major events such as changes in the Fed’s operating
procedures in 1979 and 1982, the Great Depression and World War I1.

Breaks are found to have a large effect on optimal asset allocations. We find empirically that
model instability can have an even larger effect on the asset allocation than sources of risk such
as parameter estimation uncertainty and can lead to a steep negative slope in the relationship
between the investment horizon and the proportion of wealth that a buy-and-hold investor allocates
to stocks. This reflects the extent to which the coefficients of the predictor variables in the return
equation were subject to change over time and the increased uncertainty introduced by breaks.

A literature that is related to our paper assumes that the parameters of the return equation are
driven by a Markov switching process with a small number of states, see, e.g., Ang & Bekaert (2002),
Guidolin & Timmermann (2004), Perez-Quiros & Timmermann (2000) and Lettau & Nieuwerburgh
(2008). The assumption of a fixed number of states amounts to imposing a restriction that ‘history
repeats’. For example, most papers on Markov switching in stock returns assume only two states so
the mean and variance of returns can either be high or low depending on which state the economy
is in. This approach is well suited to identify patterns in returns that are linked to repeated events

such as recessions and expansions. It is less clear that it is able to capture the effects of institutional



and technological changes over long spans of time. These are more likely to lead to genuinely new
and historically unique regimes.

The paper is organized as follows. Section 2 introduces the basic breakpoint methodology and
Section 3 presents empirical estimates for return prediction models. Section 4 shows how investors’
optimal asset allocation can be computed while accounting for past and future breaks and Section
5 considers the empirical implications of breaks for asset allocations. Section 6 proposes various
extensions to our approach, including the results from an out-of-sample forecasting exercise and

Section 7 concludes. Technical details are provided in an Appendix at the end of the paper.

2. Methodology

Studies of asset allocation in the presence of return predictability (e.g., Barberis (2000), Campbell,
Chan & Viceira (2003) and Kandel & Stambaugh (1996)) have mostly used vector autoregressions
(VARSs) to capture the relation between asset returns and predictor variables, many of which are
known to be highly persistent. We follow this literature and focus on a simple model with a single
risky asset and a single predictor variable. This gives rise to a bivariate model relating returns (or
excess returns) on the risky asset to a predictor variable, x;. Zero-constraints on the coefficients
of the lagged returns are often imposed and we shall do so here. This reflects the common finding
that stock returns are not strongly serially correlated and reduces the number of parameters to be

estimated. The resulting model takes the form
2 = B'T1 + wy, (1)

where z; = (1, 2¢)", #-1 = (1,24_1)", r¢ is the stock return at time ¢ in excess of a short risk-free
rate, while z;_; is the lagged predictor variable and E[usu;] = ¥ is the covariance matrix. We refer
to p, and p, as the intercepts in the equation for the return and predictor variable, respectively,

while 8, and 3, are the coefficients on the predictor variable in the two equations:

T =l BTl U
Tt = fg+ BTe—1 + Uyt (2)

2.1.  Predictive Distributions of Returns under Breaks

Asset allocation decisions require the ability to evaluate the expected utility associated with the
realization of future payoffs on risky assets. This, in turn, requires computing expectations over
the predictive distribution of returns during an h—period investment horizon [T, T+ h] conditional
on information available at the time of the investment decision, 7', which we denote by Zr. To
compute the predictive distribution of returns under breaks, we need to make assumptions about
the probability that future breaks occur, their likely timing as well as the size of such breaks. Most
obviously, we need an estimate of the probability of staying in the current regime. If more than one
break can occur over the course of the investment horizon, we also need to model the distribution

from which future regime durations are drawn. We next explain how this is done.



To capture instability in the parameters in (2), we build on the multiple change point model
proposed by Chib (1998). Shifts to the parameters of the return model are captured through an
integer-valued state variable, S;, that tracks the regime from which a particular observation of
returns and the predictor variable, x;, are drawn. For example, if s; = [, z; has been drawn from
f(zt| Z2¢-1,0y), where Z;_1 = {z1, ..., z¢—1} is the information set at time ¢ — 1, while a change from
s¢ =1 to sg1+1 = I+ 1 shows that a break has occurred at time ¢ + 1. Location and scale parameters
in regime [ are collected in ©; = (B, ;). Allowing for K breaks or, equivalently, K + 1 break

segments, the model takes the form

2z = B{Zi—1 + g, Fluu}] = 34 forto<t<7m1 (st=1)

2zt = BhTi—1 + g, Fluuy] = 3o forri+1<t<79 (54=2)

: ~ : / : 3)
2z = BjZi_1 4wy, Eluwuy] =% forrp 1 +1<t<7 (st=1)

2t = By 1 T1 +tuy, Bluu] =Yg for g +1<t<T (sy=K+1)

Here T = {70, ...., 7K} is the collection of break points with 79 = 1. Within each regime we de-
compose the covariance matrix, ¥;, into the product of a diagonal matrix representing the standard

deviations of the variables, diag(wj), and a correlation matrix, A;:
¥ = diag(;) x Aj x diag(y);). (4)

This specification allows both volatilities and correlations to vary across regimes.

The state variable S; is assumed to be driven by a first order hidden Markov chain whose
transition probability matrix is designed so that, at each point in time, S; can either remain in the
current state or jump to the subsequent state. The one-step-ahead transition probability matrix

therefore takes the form

pi1 pi2 O e 0
0 p22 p23 - 0
P = 0 - 0 prrx PrREK+ . (5)
0 0 ... 0  Dpry1,K+41 | PER4LES2
0 0o ... 0 PK+2,K+2

Here pj_1j = Pr(s; = j| s;—1 = j — 1) is the probability of moving to regime j at time ¢ given that
we are in state j — 1 at time ¢ — 1 so p; ; +pjj+1 = 1. K is the number of breaks in the historical
sample up to time 7T so the (K + 1) x (K + 1) sub-matrix in the upper left corner of P describes
possible breaks in the historical data sample, {z1,...,270}. The remaining part of P describes the

breakpoint dynamics over the future out-of-sample investment period from 7" to T'+ h.? The special

?Following Chib (1998), estimation proceeds under the assumption of K breaks in the historical sample (1 <t < T)).
This assumption greatly simplifies estimation. We show later that uncertainty about the number of in-sample breaks

can be integrated out using Bayesian model averaging techniques.



case without breaks corresponds to K = 0 and p11; = 1.

Notice that the persistence parameters in (5) are regime-specific. This assumption means that
regimes can differ in their expected duration—the closer is p;; to one, the longer the regime is
expected to last. Furthermore, p;; is assumed to be independent of p;;, for j # ¢, and is drawn
from a beta distribution:

pj.j ~ Beta(a,b). (6)

This means that breaks are difficult to predict ahead of time, but still can have very important

implications for portfolio allocations.

2.2. Meta Distributions

Since we are interested in forecasting future returns out-of-sample, we follow Pastor & Stambaugh
(2001) and Pesaran et al. (2006) and adopt a hierarchical prior formulation, but extend those studies
to allow for structural breaks in a multivariate setting.® To this end we assume that the location and
scale parameters within each regime, (Bj, ¥;), are drawn from common meta distributions which
characterize the degree of similarity in the parameters across different regimes. Suppose for example
that the mean parameters do not vary much across regimes but that the variance parameters do.
Then this will show up in the form of a wide dispersion in the meta distribution for the scale
parameters and a narrow dispersion in the meta distribution for the location parameters.

The assumption that the parameters are drawn from a common meta distribution implies that
data from previous regimes carry information relevant for current data and for the new parameters
after a future break. By using meta distributions that pool information from different regimes, our
approach makes sure that historical information is used efficiently in estimating the parameters of
the current regime.

We next describe the meta distributions in more detail. We use a random coefficient model to
introduce a hierarchical prior for the regime coefficients in (3) and (4), { B, diag(¢;), A;}. Let m be
the number of equations in the prediction model (1) and assume that the m? x 1 vectors of location
coefficients are independent draws from a normal distribution, vec(B); ~ N (b, Vo), j = 1,..., K+1,
while the m error term precisions w;f are independent and identical draws (IID) from a Gamma
distribution, @bj_f ~ Gamma (vo;,do,;), @ = 1, ...,m. Finally, the m (m — 1) /2 correlations, \;;., are
IID draws from a normal distribution, A;;. ~ N(,umc,aiic), i,c=1,...,m, 1 < ¢, truncated to lie
in the (—1, 1) interval. Hence by, vg; and Ip,ic Tepresent location parameters, while Vg, do; and ai,ic
are scale parameters of the three meta distributions.

The pooled scenario (all parameters are identical across regimes) and the regime-specific scenario

(the parameters of each regime are unrelated) can be seen as special cases each of which is nested in

*Bai et al. (1998) apply a deterministic procedure to detect breaks in multivariate time series models and find
that when break dates are common across equations, the resulting breaks are estimated more precisely. The power to
detect breaks can also increase when the breaks are estimated from a multivariate model. Their framework is not well
suited for our purpose, however, since asset allocation exercises build on the predictive distribution of future returns

and thus require modeling the stochastic process underlying the breaks.



our framework. Which scenario most closely represents the data can be inferred from the estimates
2
piic’

To characterize the parameters of the meta distribution, we assume that?

of the location parameters of the meta distribution Vj, do; and o

bo ~ N (1g:2s) (7)

‘/b_l ~ W ('U[B, VB_1> 3
where W (.) is a Wishart distribution and Kg, 28, vg and VE1 are prior hyperparameters that need
to be specified. The hyperparameters vp; and dp; of the error term precision are assumed to follow

an exponential and Gamma distribution, respectively (George, Makov & Smith (1993)) with prior

hyperparameters py ;, co; and dp;:
vo; ~ Exp (@) (8)
do; ~ Gamma <co,¢, dO,i) . (9)

Following Liechty, Liechty & Miiller (2004), we specify the following distributions for the hyperpa-

rameters of the correlation matrix:

/”Lp,ic ~ N(/“Lu7ic77__z20> (10)
J;?C ~ Gamma <a/p7ic7%>; (11)

where again i, ;c, TZZC, apic and b, ;. are prior hyperparameters for each element of the correlation

matrix. We finally specify a prior distribution for the hyperparameters a and b of the transition

probabilities,

a ~ Gamma(@,b_o), (12)

b ~ Gamma(@,b_o

~—

These are all standard choices of distributions.

2.3. Prior elicitation

To the extent possible, choice of priors in the breakpoint model must be guided by economic theory
and intuition. Here we explain the choices made for the baseline results. In section 6 we conduct a
sensitivity analysis to shed light on the importance of these choices.

We impose two constraints on the parameters in the return prediction model, (2). First, to
rule out explosive behavior in the driving variable (and consequently in stock returns), we impose
that 5, < 1. Second, since neither the dividend yield nor the short interest rate can go negative,
we require that the unconditional mean in each state is non-negative, i.e. 0 < u, /(1 —f3,) < A,

where fi,, is an upper limit set equal to the mean plus twice the standard deviation of the predictor

4Throughout the paper we use underscore bars (e.g. ag) to denote prior hyperparameters.



variable. This ensures that the predictive densities of all variables are well-behaved even at very
long investment horizons.?

Starting with the prior hyperparameters for the mean of the regression coefficient, by, we set
pg = Op2 and Yg = scx 1,2 where scis a scale factor set to 1,000 to reflect uninformative priors. The
Eperparamet£ for the prior variance of the regression coefficient, Vp, are set at vg = m(K +1)+2,
Vs = diag(0.5,5,0.00001,0.1) for the dividend yield specification and V3 = dz’ag@.l, 1000,0.1,0.1)
for the T-bill specification. This is sufficient to preserve the variation in the regression coefficients
across regimes and ensures that the mean of the Wishart distribution exists. As we shall see, this
choice reflects the large variation in the slope coefficient of the predictor variable in the return
equation (3,.), the very small variation in u, and the somewhat larger variation in p, and 3.

Moving to the variance hyperparameters, we maintain uninformative priors and set cg; = 1,
do; = € (the smallest number that matlab can interpret), and py; = 1/e in all equation:hence
sp_ecifying a very large variance. We also use uninformative pri@ for the correlation coefficient,
Aj12, i.e. Bui2 = 0, ’T_%Q = 100, ay12 = 1 and b, 12 = 0.01. Finally, we assume a more informative
prior for the diagonal elements, p;; in (5), centered at 0.9, namely ag = 1 and by = 0.1. This ensures

that breaks do not occur too frequently.

3. Estimation Results

Using the approach from Section 2, we next report empirical results for two commonly used return

prediction models based on the dividend yield or the short interest rate.

3.1. Data

Following common practice in the literature on predictability of stock returns, we use as our de-
pendent variable the continuously compounded return on a portfolio of US stocks comprising firms
listed on the NYSE, AMEX and NASDAQ in excess of a 1-month T-bill rate. Data is monthly,
covers the period 1926:12-2005:12 and is obtained from the Center for Research in Security Prices
(CRSP) and from Welch & Goyal (2008).

As forecasting variables we include a constant and either the dividend-price ratio—defined as
the ratio between dividends over the previous twelve months and the current stock price—or the
short interest rate measured by the 1-month T-bill rate. The dividend yield has played a key role
in the literature on asset allocation implications of return predictability, cf. Kandel & Stambaugh
(1996) and Barberis (2000). Furthermore, due to its persistence and the large negative correlation
between shocks to the dividend yield and shocks to stock returns, the dividend yield is known to
generate a large hedging demand for stocks, particularly at long investment horizons. The short
interest rate has also been found empirically to predict stock returns, c¢f. Campbell (1987) and Ang
& Bekaert (2007).

Consistent with results in the literature, full-sample estimates of the parameters in the return

°If the upper constraint on the mean of the predictor variable is ignored while negative values are ruled out, the

mean of the predictive density tends to increase too much at very long investment horizons.



equation (2) reveal (mean) coefficients on the dividend yield or the T-bill rate slightly less than two
standard errors away from zero, although the sign of the regression coefficients differ—positive for
the yield, negative for the T-bill rate. Both predictor variables are highly persistent with first order

autocorrelation estimates close to 0.98.

3.2.  Predictability from the Dividend Yield

Determining whether the return prediction models are subject to breaks and, if so, how many breaks
the data support, is the first step in our analysis. For a given choice of number of breaks, K, we
get a new model, Mg, with its own set of parameters. Table 1 provides a comparison of models
with different numbers of breaks by reporting measures of model fit such as the log-likelihood and
the SIC which penalizes for additional parameters as more breaks are considered.

First consider the return model based on the dividend yield. For this model there is strong
support for structural breaks—posterior odds ratios for the models with multiple breaks relative to
a model with no breaks are all very high. Among models with up to ten breaks, Table 1 shows that
the model with eight breaks is selected by the SIC. Although this may appear to be a large number
of breaks, it is consistent with the evidence reported by Pastor & Stambaugh (2001) of 15 break
points in the equity premium over a sample (1834-1999) a bit longer than twice the period covered
here. Of course we cannot be sure that there are eight breaks in the sample, nevertheless the data
strongly supports this specification.

Return models that allow for breaks include a larger number of parameters than the conventional
full-sample model so one might be concerned that they overfit the data. We do not believe that this
is a particular cause for concern since the number of breaks is selected using criteria (posterior odds
or SIC) that are known to heavily penalize large models. In addition, by using a meta distribution
that characterizes commonalities in the model parameters across different regimes, effectively the
parameters are shrunk towards a common prior which tends to reduce the effect of parameter
estimation uncertainty.

For each model Table 1 also shows the time of the associated breaks. More precisely, these are
the posterior modes for the break dates since our model only provides probability estimates of the
break dates. Accordingly, Figure 1 shows posterior probabilities of the break locations for the model
with eight breaks. The break dates are quite precisely identified in the form of single spikes with
probabilities ranging from 0.2 to 0.7. This suggests that there is not much uncertainty about the
locations of the break dates for this model.

Six of the break locations are associated with major events and occurred around the Great
Depression (1933), World War II (1943), the major oil price shocks of the early seventies and
resulting growth slowdown (1974), the October 1987 stock market crash (1986/88) and the bull
market of the nineties (1996). The two remaining break dates (1954 and 1958) are harder to
interpret, but the first coincided with the end of the Korean war while the break in the late fifties
matches a similar increase in the posterior probability of a break in the equity premium model
identified by Pastor & Stambaugh (2001).



Parameter estimates for the model with eight breaks (nine regimes) are reported in Table 2.
The mean of the dividend yield coefficient in the return equation ranges from a low of 0.22 prior to
the Great Depression to a value of 1.5 during the last regime. The standard deviation parameters of
the return equation also vary considerably over the sample, from a high of 10% per month around
the Great Depression to a low of only 3.3% per month from 1988-1996.

Turning to the parameter estimates for the dividend yield equation, it is clear that this process
is highly persistent in all regimes with a mean autoregressive parameter that varies from 0.94 to
0.98. The variance of the dividend yield is again highest in the first two regimes and much lower
after the final break around 1996. Correlation estimates for the innovations to stocks and the lagged
dividend yield are large and negative in all regimes with mean values ranging from -0.97 to -0.92.
Similarly, transition probabilities are high with means that always exceed 0.97 and go as high as
0.992, corresponding to mean durations ranging from 50 to 140 months.

One of the questions we set out to address in our paper was how dissimilar the parameters of the
return equation are across the various regimes. To address this question, information on the posterior
estimates of the hyperparameters of the meta distribution is provided in Table 3. To preserve space
we only report the values of the mean parameters which are easiest to interpret. The parameter
tracking the mean of the slope of the dividend yield in the return equation across different regimes
is centered on 0.8 with a standard deviation centered at 0.3, giving rise to a 95% confidence interval
[0.24,1.46]. The autoregressive slope 3, in the dividend yield equation is centered on a value of 0.95
with a much smaller standard deviation of only 0.025 and a 95% confidence interval [0.89,0.98].
Similarly, the hyperparameter tracking the correlation between shocks to returns and shocks to
the dividend yield is centered on -0.94 with a modest standard deviation of 0.04. The posterior
distributions of the hyperparameters of the transition probability, ag and by, are surrounded by
greater uncertainty as indicated by their relatively large standard deviations. This is consistent
with the considerable difference in the duration of the various regimes identified by our model.

These findings suggest that the greatest variability in parameters across regimes is associated
with the effect of the dividend yield on stock returns and the duration of the regimes. There is
considerably less variability in the persistence of the dividend yield or in the correlation between

shocks to returns and shocks to the dividend yield.

3.3.  Predictability from the Short Interest Rate

Turning to the return model based on the short interest rate, Table 1 suggests the presence of five
breaks in this model. These breaks again appear around the time of major economic events such as
the Great Depression (1934), the Korean War (1951), the Vietnam War (1969), and the beginning
and end of the change to the Fed’s operating procedures (1979 and 1982).

Figure 2 shows the posterior probabilities for the breakpoint locations. These are mostly tightly
concentrated and define narrow ranges for most break dates. For example, the break in 1934 is
confined to one or two months and the break dates around 1979 and 1982 are also quite well

determined. The breaks occurring around 1951 and 1969 are surrounded by the greatest uncertainty.



Parameter estimates for the return model with five breaks are displayed in Table 4. The mean of
the coefficient on the lagged T-bill rate in the return equation varies significantly over time, ranging
from -7 in the regime from 1951 to 1969 to 3.32 in the regime from 1934-1951, a period during which
interest rates varied very little. Furthermore, the estimates of the slope on the T-bill rate within
each regime are surrounded by large standard errors, particularly in the first two regimes.

The process for the short interest rate is highly persistent with the mean of the persistence
coefficient ranging from a low of 0.86 to a high of 0.99. Although the correlation between shocks to
returns and shocks to the short rate is closer to zero than was found for the dividend yield model,
it also varies much more across regimes, ranging from a low of -0.47 during 1979-1982 to a high of
0.08 during 1926-34. These changes appear not simply to reflect random sample variations since
the standard deviations of the correlations are mostly quite low. All states continue to be highly
persistent with mean transition probability estimates varying from 0.974 to 0.993, resulting in state
durations between 40 and more than 160 months.

Turning finally to the meta distribution parameters for the short rate model shown in Table 5,
once again the chief source of uncertainty is the slope coefficient of the interest rate in the return
equation. For example, by(3,) has a mean of -2.6 and a standard deviation of 5.9, giving a very
long 95% confidence interval that ranges from -14.2 to 9.5. Compared with the model based on
the dividend yield, there is now also greater uncertainty about the correlation between shocks to

returns and shocks to the T-bill rate as indicated by the higher standard deviation of p,,.

4. Asset Allocation under Structural Breaks

Investors care about instability in the return model because breaks affect future asset payoffs and
therefore may alter their optimal asset allocation. To study the economic importance of structural
breaks in the return model, we next consider the optimal asset allocation under a range of alternative
modeling assumptions for an investor with power utility over terminal wealth and coefficient of

relative risk aversion, 7:
w7
w(Wrn) = < iZh v > 0. (13)
Following Kandel & Stambaugh (1996) and Barberis (2000), we assume that the investor has access

to a risk-free asset with constant return, r¢, and a risky stock market portfolio with returns in excess

of the risk-free rate, rri1, ..., 77 n, where h is the investment horizon. All returns are continuously

compounded.

4.1. The Asset Allocation Problem

Without loss of generality we set initial wealth at one, Wr = 1, and let w be the allocation to

stocks. Terminal wealth is then given by

Wrin = (1 —w)exp(reh) + wexp(rih +rrp + oo+ rogn)- (14)

10



Defining the cumulative excess returns over h periods as

Rryp =rri1 +rrgpo+ o+ r74p,

subject to the no short-sales constraints 0 < w < 1, the buy-and-hold investor solves the following

program

(1 — w) exp(rph) +wexp(rph + RT+h))1_V) ’ (15)

max Fp (

w 11—
where Fr is the conditional expectation given information at time 7', Zr. How this expectation is
computed reflects the modeling assumptions made by the investor.

The predictive density for the h-period cumulative returns, Ry, can be constructed using the
iterative scheme of Barberis (2000) that takes advantage of the assumed VAR structure. To see

how this works, rewrite (2) as z; = py + Bo2t—1 + ut Where p, = (fi,y f14)" and

w=((5 )]

The time subscripts on the parameters reflects the possibility of breaks. Iterating forward on this

model, we have

zry1 = pirgn + Boryizr +ury
zri2 = ppyo + Borsobirir T BoryeBors12T + urte + Borgotr+1
2r+3 = ppys + Borastrie + BorssBorsatirir + BorssBor+2Bors12r

+urys + Borysurse + BortsBorsaUr+1

(16)
h—1 h h
2r+h = fpip T UTHR T Z H Borsi | (Hryy +ursj) + H Boryi | 21
Jj=1 \i=j+1 i=j+1

Assuming that ur ~ N(0,%), in the special case where p and 5, do not vary over time, we get the

results reported by Barberis (2000), namely zpip, ~ N (;LZTM, Yrin ), Where
h—1
:uzTJrh = ﬁ(s):u—i_ﬁnga
S=!
h—1 h—1 !
w = (L) ()
s=0 s=0

Furthermore, the sum zp.ryp = 2741 + 2742 + ... + 2704 is distributed as a multivariate normal
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variable with mean vector p,,,, and variance-covariance matrix »gym

loum = hp+ (h—1)Bop+ (h—2)B5u

o+ B+ (B + B+ 4 B2 (17)
Ssum = B+ I+ Bg)E(I + Bo)

+(I + By + B)ZU + By + B3)

(I + Bo+ .+ B + By + ... + 817 (18)

Comparing (16) to (17) and (18), clearly the possibility of shifts in either the persistence pa-
rameters, [, the intercepts, u, or the covariance matrix, 3, can lead to important changes in the
return distribution over an h—period investment horizon and must be carefully taken into account.
Furthermore, such changes make it far more complicated to evaluate the predictive return distrib-
ution and require the use of numerical methods. We next consider a range of assumptions about

how investors deal with their limited knowledge of the parameters of the return model.

4.2. No Breaks

First consider the asset allocation problem for an investor who ignores parameter estimation un-
certainty and breaks. Once the predictor variables have been specified, the VAR parameters
© = (i, By, %) can be estimated and, using (17) and (18), the model can be iterated forward
conditional on these parameter estimates. This generates a distribution for future stock returns,
p(Rri2|©, Srin = 1, Zr) where Sy, = 1 shows that past and future breaks are ignored. This

investor therefore solves the problem

max / W(Wr s )p(Resnl®, Srn = 1, Z2)d Ry, (19)
Here we used that, from (14), the only part of Wy, that is uncertain is Rpip. This of course
ignores that © is not known precisely but typically is estimated with considerable uncertainty.’
Next consider the decision of an investor who accounts for parameter estimation uncertainty
but ignores both past and future breaks, i.e., assumes that S, = 1. In the absence of breaks the
posterior distribution 7(©|St1, = 1, Zr) summarizes the uncertainty about the parameters given
the historical data sample.” Integrating over this distribution leads to the predictive distribution of
returns conditioned only on the observed sample (and not on any fixed ©) and the assumption of

no breaks prior to time 71" + h:

p(Rr4n|Sren =1, 2r) = /p(RT+h!@,ST+h =1, Z7)n(O|Sr4n = 1, Z7)dO. (20)

This investor therefore solves the asset allocation problem

mgX/U(WT+h)p(RT+h|ST+h =1, Zr)dRryp. (21)

%To be more precise, we could condition also on Mg i.e. the return prediction model based on the predictor
variable x and conditional on K historical breaks. The importance of M} will become clear when we integrate out
uncertainty about the number of in-sample breaks and uncertainty about the predictor variables.

"Throughout the paper, (| 2r) refers to posterior distributions conditioned on information contained in Zr.
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Comparing stock holdings in (19) and (21) gives a measure of the economic importance of parameter
estimation uncertainty. Both solutions ignore model instability, however. To illustrate the effect of
breaks in the parameters of the return prediction model, we separately consider scenarios with past

breaks but no future breaks as well as scenarios allowing for both past and future breaks.

4.3. Past Breaks Only

Suppose that there are K historical breaks in the sample up to time 71" but that no new breaks
occur prior to the end of the investment horizon, T" 4+ h. Returns can then be modeled using only
the posterior distribution of the parameters from the last regime, { B 1, X x+1}. Hence the asset
allocation is computed under the predictive density p(Rpip|Sron = ST = K + 1, Zr). Under this

assumption the predictive density of returns becomes

p(Rryn|Stin = St = K + 1, 27)
= /p(RTJrh! Ok+1,5r+n =K+ 1,Sr =K+ 1,Z27r) 7 (Or+1| H,p,Sr, Zr) dO K 41,

where Sp = (s1, ..., s7) is the collection of values of the state variable underlying the breakpoint

process up to period T,
Or+1 = (vee(B)k+1, Vi1, Axt1)

are the parameters from the K + 1—th regime (regression coefficients, error term variances and

correlations), and

2 2
H = (b07 Vb; 0,1, dO,lv <05 V0,ms dO,m: Mp7127 O-p,127 ey Mp,m—lm: O-p,m—lmv a, b)
are the hyperparameters of the meta distribution. This investor therefore solves the following
portfolio problem

max/u(WT+h)p(RT+h\ST+h =Sr=K+1,Z7)dRrih. (22)

w

Even though the possibility of future breaks is ignored in this scenario, historical breaks still affect
the asset allocation since the parameters assumed to compute the predictive distribution in (22) are

from the last regime, as opposed to being based on the full data sample.®

4.4. Past and Future Breaks

To allow for multiple breaks over the investment horizon [T',T + h|, we need to know not only
the probability of shifting to a new regime but also the probability of staying in future regimes
PK+j,K+j: J = 2. Our hierarchical prior setup is ideally suited to address this question. Under our

model, pg 4 kx+;—Vvalues are drawn from the conditional beta posterior

PicyjKts] St ~ Beta(a+1j,b+ 1),

8This is an over-simplification since these parameters depend on other regimes through the meta distribution.
Furthermore, it should also be recalled that we allow for uncertainty about the time of the most recent break, 7.

Later we show how to integrate out uncertainty about the number of in-sample breaks, K.
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where [; = 7; — 7;_1 is the duration of the [th break segment.
The number of possible out-of-sample break point scenarios becomes very large as the number

of possible breaks increases. To see this, consider the case with only two breakpoints in the out-of-

sample period. This gives h2:1 (h — i) = h(h — 1)/2 possible break point locations. For a five-year
investment horizon (h = 66_)1this gives 1,770 possible break locations. Uncertainty about future
breakpoint scenarios is captured through the variable St.; which must be integrated out. We
do this by first conditioning on the maximum number of future breaks between 1" and T + h.
Conditional on this we then compute the probability of the break locations. We finally sum over
both the number of breaks and break locations.

For example, conditioning on at most n; breaks over the investment horizon [T,7T + h|, and
letting j track the date where a break occurs, we can compute the probability of zero, one, two, up

to ny breaks as follows:

p(Stin = K+1Sr=K+1,27) = pl i1

h
p(Srin = K+2Sr=K+1,2Zr) = > (1= pr1,x01) Phyixn
J1=1
p(Sryn = K+3[Sr=K+1,2r) = Z Z K+1 1 (1 —pK+1,K+1)P]}§I§fI_<i2 (1 = prt2,K+2)
s1=1ja=j51+1
h—np+1 h L
p(Sr4n = K+m+1Sr=K+1,2r)= > .. X} 11PE s (1= prijrss)

J1=1 Jny=Jny—1+1 \ jZ1

With these probabilities in place we can finally integrate out uncertainty about the future number
of breaks:
np+1
p(Rrin| St =K+1,2r) = > p(Rryn|Sryn =K +5,57 = K+1,2r) (23)
j=1
xp(St4n = K+ jlSr=K+1, 2r).

We refer to this as the composite-meta return distribution as it allows for past and future breaks,
weighting the various scenarios by their respective probabilities according to our changepoint model.
An investor who considers the uncertainty about the number of out of sample breaks but conditions

on K historical (in-sample) breaks therefore solves

w

max/u(WT+h)p (Rpsn| ST =K+ 1,Z7)dRpyp. (24)

Notice that this expression does not restrict the number of future breaks (as long as ny is set
reasonably large), nor does it take the parameters as known. It does, however, take the number of
historic breaks as fixed and also ignores uncertainty about the forecasting model itself. We next

relax our assumptions about these points.

14



4.5. Uncertainty about the number of historical breaks

The predictive densities computed so far have conditioned on the number of in-sample breaks (K)
by setting ST = K + 1. This is of course a simplification since the true number of in-sample breaks
is unknown. To deal with this, we adopt a simple Bayesian model averaging method that computes
the predictive density of returns as a weighted average of the predictive densities conditional on
different numbers of historical (in-sample) breaks. For each choice of the number of breaks, k,
and predictor variable, z, we get a model My, with predictive density p, (Rrin|ST =k + 1, 27).
Integrating over the number of breaks (but keeping the choice of predictor variable, x, fixed), the

predictive density under the Bayesian model average is

K
po(Brinl 2r) = Y pr. (Rrn|ST = k + 1, Zr)p(M| 21), (25)
k=0
where K is an upper limit on the largest number of in-sample breaks that is entertained. The
weights used in the average are proportional to the posterior probability of model M}, given by the
product of the prior for model My, p (My), and the marginal likelihood, f ( Z7| M),

p(My| Z7) o< f (27| My) p (M) . (26)

4.6. Model uncertainty

In addition to not knowing the parameters of a given return forecasting model and not knowing the
potential number of historical breaks, investors are unlikely to know the true identity of the return
model. This point has been emphasized by Pesaran & Timmermann (1995) and, in a Bayesian
setting, by Avramov (2002) and Cremers (2002). The analysis of Avramov and Cremers treats
model uncertainty by considering all possible combinations of a large range of predictor variables.
We follow this analysis by integrating across the two return prediction models considered in this
study based on the dividend yield and the short interest rate. This is simply an illustration of how
to handle model uncertainty and our analysis could of course be extended to a much larger set of
variables. However, to keep computations feasible, we simply combine the return models based on
these two predictor variables, in each case accounting for uncertainty about the number of past and

future breaks:

X K
P(Rrin|Zr) =Y ) o (Rrin|Sr =k + 1, My, Zr)p(My| 27). (27)
z=1k=0

Here p(My|Zr) is the posterior probability of the model with k breaks and X is the number of
different combinations of predictor variables used to forecast stock returns.

5. Empirical Asset Allocation Results

This section uses the methods from Section 4 to assess empirically the effect of structural breaks

on a buy-and-hold investor’s optimal asset allocation. We use the Gibbs sampler to evaluate the
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predictive distribution of returns under breaks. Details of the numerical procedure used to compute
the distributions are provided in the Appendix.

Before moving to the results, it is worth recalling two important effects on asset allocation under
predictability from variables such as the dividend yield. First, the dividend yield identifies a mean-
reverting component in stock returns which means that the risk of stock returns grows more slowly
than in the absence of predictability, creating a hedging demand for stocks, see Campbell et al.
(2003). Negative shocks to returns are bad news in the period when they occur but tend to increase
subsequent values of the dividend yield and thus become associated with higher future expected
stock returns. This effect is particularly important at long investment horizons. Second, parameter
estimation uncertainty generally reduces a risk averse investor’s demand for stocks. For example, if
new information leads the investor to revise downward his belief about mean stock returns shortly
after the investment decision is made, this will affect returns along the entire investment horizon in
a similar way to a permanent negative dividend shock.

In our breakpoint model there is an interesting additional interaction between parameter estima-
tion uncertainty and structural breaks. In the absence of breaks, parameter estimation uncertainty
has a greater impact on returns in the sense that parameter values are fixed and not subject to
change. The presence of breaks means that bad draws of the parameters of the return model will
eventually cease to affect returns as they get replaced by new parameter values following future
breaks. On the other hand, the presence of breaks to the parameters tends to lower the precision
of current parameter estimates and thus increases the importance of parameter estimation uncer-
tainty. Which effect dominates depends on the extent of the variability in the parameter values

across regimes as well as on the average duration of the regimes.

5.1. Results Based on the Dividend Yield

Figures 3 and 4 plot the allocation to stocks under the four scenarios discussed in Section 4, namely
(i) no breaks, ignoring parameter estimation uncertainty; (ii) no breaks, accounting for parameter
estimation uncertainty; (iii) breaks in the historical sample, but no future breaks (so the last regime
remains in effect over the course of the investment horizon); (iv) both past and future breaks allowed.
The first two scenarios ignore breaks and so use full-sample parameter estimates. They correspond
to the cases covered by Barberis (2000). We compute the optimal weight on stocks under two values
for the coefficient of relative risk aversion, namely v = 5 and v = 10.

Figure 3 starts the dividend yield off from its value at the end of sample (2005:12) which is 1.8%.
Under the models that assume no (past or future) breaks, the weight on stocks rises from a level
near 10% at short investment horizons to 30% at the five-year horizon. The assumed absence of a
break means that a very long data sample (1926-2005) is available for parameter estimation. This
reduces parameter estimation uncertainty and leads to an increasing weight on stocks, the longer
the investment horizon. This interpretation is confirmed by the finding that stock holdings are
very similar irrespective of whether parameter estimation uncertainty is accounted for. In contrast,

the model estimated under the parameters of the last regime—which acknowledges past breaks but
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ignores future breaks—implies a much higher short-run allocation to stocks around 50% that is rising
over the investment horizon. This is related to the anticipated increase in expected returns due to
the fact that we are starting the model from a low initial value of the dividend yield.

Allowing for both past and future breaks—with the latter weighted by their probabilities com-
puted under the assumed changepoint model—the weight on stocks starts out at 50% at the short
horizon and declines to a level below 10% at the five-year horizon. Parameter instability now dom-
inates the increased demand for stocks induced by return predictability from the dividend yield.

When the coefficient of risk aversion is increased from five to ten, the weight on stocks declines
uniformly and stays well below 50% in all scenarios. This may seem low but is mainly driven by
the assumed initial value of the dividend yield which, at 1.8%, is close to its historical minimum.

To demonstrate this point, Figure 4 shows the allocation to stocks when the parameters and
the initial value of the dividend yield are set at their mean values during the regime prevailing from
1958-1974. In this regime, the values of the parameters and the dividend yield are closer to their
overall average although, at 3.2%, the mean dividend yield is slightly below the historical average
of 4%. Comparing Figures 3 and 4 it is clear that the level of the optimal stock holding can be
quite sensitive to the initial value of the dividend yield. The allocation to stocks under the no-break
models now starts at a level close to 30% at short investment horizons and increases to 50% at the
five-year horizon. Stock holdings under the model that accounts for past breaks but ignores future
breaks are now capped at the 100% maximum. Finally, the allocation to stocks under past and
future breaks declines from 100% to 10% as the holding period is extended.

These findings suggest that the allocation to stocks is generally increasing in the horizon if (past
and future) breaks are ignored. If past breaks are accounted for but future breaks are ignored,
the asset allocation can be flat or increasing as a function of the horizon. Finally, if both past
and future breaks are modeled, declining allocations to stocks, the longer the investment horizon
become common.

Parameter instability can therefore have a larger effect on a buy-and-hold investor’s optimal
asset allocation than parameter estimation uncertainty. This can be seen by comparing the full
sample (no break) plots in Figures 3 and 4 with and without estimation error. In both cases these
are very similar. This is to be expected since investors have access to 80 years of data. In fact, the
large effect of parameter estimation error documented by Barberis (2000) was found in a sample
where the parameters were estimated using a much shorter data set from 1986 to 1995. Presumably
investors would only want to use such a short sample if they thought that the parameters of the

return model had changed over time.

5.2. Results based on the Short Interest Rate

Optimal stock holdings under the return prediction model based on the short rate, set at its value
at the end of the sample, 3.2%, are shown in Figure 5. The allocation to stocks is flat at 20%
under the no-break models (with and without parameter estimation uncertainty) but declines under

the models that allow for breaks, particularly when both past and future breaks are considered.
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This suggests again that model instability is more important to the asset allocation decision than

parameter estimation uncertainty.

5.3. Model Uncertainty

In practice there is uncertainty both about the number of breaks and about whether the best model
should be based on the dividend yield or the T-bill rate.

One way to address these issue is to integrate out uncertainty about the number of historical
(in-sample) breaks and the identity of the predictor variables. We addressed this by following
Garratt, Koop, Mise & Vahey (2007) and using Bayesian Modeling Averaging weights based on the
exponential of the SIC. Unsurprisingly, in light of the results reported in Table 1, a model that
uses the T-bill rate as a predictor variable and allows for five break got weighted more heavily than
the other models and so the BMA forecasts and asset allocation results were very similar to those

shown for this model in Figure 5.

6. Semnsitivity Analysis and Extensions
6.1. Robustness to Priors

To investigate the robustness of our empirical results with regard to the assumed priors, we con-
ducted a sensitivity analysis. The greatest sensitivity of our results is related to the specification of
V. This matrix controls variations in the regression coefficients across regimes. In the basic results,
we set Vg = sd X I, with sd = 10. We experimented with different values of V3 and found that
the variation in the parameters across regimes under the non-hierarchical model is preserved when
the diagonal elements of Vj exceed the values chosen here. Our choice of V3 thus respects the
variation in the original coefficient estimates and allows us to have reasonable meta distributions
for the regression coefficients that can capture the values taken by the coefficients in the various
regimes identified by our model.

Imposing constraints that the driving variable, x;, is stationary (0 < 3, < 1) and that the
unconditional mean of this variable is non-negative with symmetric constraints around its historical
average (0 < p,/(1 — B,) < 0.08 in the case of the dividend yield) did not have much effect on the
results. Nor did imposing an additional parameter constraint which requires that the unconditional
mean excess stock return within each regime lies between zero and 1% per month (0 < pu, + lﬁj—’éz <

0.01) have much effect on the results.

6.2. Dependence in Parameters Across Regimes

So far we have assumed that location coefficient vector, vec(Bj), the error term precision, w;zz,
and correlation elements, A; ;., in each regime j are independent draws from common distributions.
However, it is possible that these parameters may be correlated across regimes, so following Pesaran
et al. (2006) we consider a specification that allows for autoregressive dynamics in the scale para-

meters across neighboring regimes, vec(Bj); ~ (u; + pivec(Bj,l)i,o?m), i =1,..,m? Once again
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we adopt a hierarchical prior for the regime coefficients { B, 1#;3 , Ajic} so the regime-specific coeffi-
cients, vec(Bj), j = 1,..., K + 1 are correlated across regimes, i.e. vec(B;) ~ (1 + pvec(Bj-1), 2y),
where p is a diagonal matrix, while the error term precisions wj_f ~ Gamma (vo 4, dp,;) are indepen-
dently and identically distributed draws from a Gamma distribution and the correlation elements,
Ajic, are independent draws from a normal distribution, Ajic ~ N (i, e, a%7ic). At the next level of

the hierarchy we assume that

WMNN@&> (28)

szW@W% (29)

where W (.) is the Wishart distribution and pg, &, vg and Vg1 are hyperparameters that need to
be specified a priori. We continue to assume that the hyperparameters of the error term precision
vo,; and dp; follow exponential and Gamma distributions, c.f. (8)-(9), while the hyperparameters
of the correlation matrix follow a Normal-Inverted gamma distribution, cf. (10)-(11).

Results for the Dividend Yield model are shown in Table 6, which should be compared to Table
3. There is only mild evidence of dependence in the location parameters across different regimes,
with persistence parameters of the return and predictor variable equations that have means around

one-half and are less than two standard deviations away from zero.

6.3. Time-varying Volatility of Returns

It is a well-known empirical fact that the volatility of stock returns varies over time. Ideally this
should be captured by a return forecasting model used for asset allocation. In fact, since our model
allows for breaks to the covariance matrix of returns, it is capable of accounting for heteroskedasticity
in returns insofar as this coincides with the identified regimes. This is an important consideration
since stock market returns were clearly far more volatile during periods such as the Great Depression.

To see how the volatility of stock returns changes over time in our model, Figure 6 provides a
time-series plot of the standard deviation of the predictive density of returns. Since the standard
deviation of returns is allowed to vary across regimes in the break model, volatility follows a step
function that tracks the various regimes. In fact, the mean value of the standard deviation of
returns varies significantly from close to 10% around the Great Depression to 4% in the middle of
the sample. This means that the asset allocations we computed earlier account not simply for shifts
to the conditional equity premium but, equally importantly, also for shifts to the volatility of stock

market returns.

6.4. Sharpe Ratios

Under the Bayesian approach adopted in this paper, the parameters are random variables. We
can therefore consider the distribution of functions of these parameters such as the Sharpe ratio of
returns within each regime. Figure 7 plots the posterior predictive distributions of the 12-month

Sharpe ratios in each of the nine regimes identified by our model. These plots set the predictor
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variable (in this case the dividend yield) at its mean value within a given regime. This ensures that
the plots provide the typical distribution of Sharpe ratios emerging within a given regime. The
Sharpe ratios generally have a positive mean centered between 0.1 and 0.5 with little probability
mass on negative values. These values appear quite sensible, and reveal considerable variation in

the Sharpe ratio over the almost eighty years covered by our sample.

6.5. Out-of-Sample Forecasting Performance

While early studies such as Campbell (1987) and Fama & French (1988) documented evidence
of in-sample predictability, Pesaran & Timmermann (1995) found that the out-of-sample return
predictability, which is the key determinant of investors’ real-time portfolio decisions, is far weaker
and concentrated historically around periods with high volatility in financial markets. The more
recent debate between Welch & Goyal (2008), Campbell & Thompson (2008) and Cochrane (2008)
shows that the issue of out-of-sample return predictability is far from settled.

To see if the forecasting performance of the underlying models can be improved out-of-sample,
we undertook the following experiment. Starting with data back to 1950, we use an initial window
of 20 years of data to estimate the parameters of the return forecasting model, including the number
of breaks, the time of their occurrence and the parameters of the most recent regime. From 1969:12,
these values were then used to generate forecasts at horizons between one and twelve months. In
1970:12, we re-estimated the models, selected the number of breaks in accordance with the SIC
and then produced forecasts for 1971:1 to 1971:12. Parameter estimates remain constant between
the re-estimation points. This process was repeated every twelve months to the end of the sample
(2005:12), to get a total of 432 observations for the one-month horizon. Initially we allow for up to
three breaks. The maximum number of breaks is then expanded by one each decade so that at the
end of the sample we allow for up to six breaks.

Results from this exercise are shown in Figure 8. The recursively identified break dates based
on the dividend yield model are initially 1954 and 1958. From 1980 onwards, two breaks are
systematically identified, namely 1959 and 1974, with a break in the late sixties also featuring in
some periods. From 1990 onwards, an additional break in 1986 is identified, while finally a break in
the mid-nineties gets identified from 1999 onwards. For the forecasting model based on the T-bill
rate, initially a single break date in 1953 is identified, followed by an additional break point around
1967. From the mid-nineties, the model consistently identifies three break dates, namely 1969, 1979
and 1982.

Table 7 shows that the out of sample root mean squared error performance of the two forecasting
models that allow for breaks lacks behind that of a no-breaks model as well as a simple model that
ignores predictability by only including a constant but no time-varying regressors in the return
equation—a benchmark suggested by Welch & Goyal (2008). Although the difference in RMSE-
values tends to be quite small, this result holds across all forecast horizons from one through twelve
months.

This finding is related to the very weak signal in the forecasting models used here. The predictive
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R? is very low even in-sample (typically 1% for monthly data) and so it is perhaps not surprising
that the uncertainty associated with estimating the number of breaks, the dates for their occurrence
as well as their size is sufficiently important to make it difficult in practice to improve on the out-
of-sample forecast precision of the models entertained here. This finding, which is consistent with
empirical results reported by Lettau & Nieuwerburgh (2008) and also is in line with the theoretical
and simulation analysis in Pesaran et al. (2007), suggests that the (squared) bias associated with
using the full-sample model that ignores breaks is smaller than the estimation uncertainty associated

with detecting and estimating breaks.

7. Conclusion

Optimal asset allocations are always derived contingent upon a set of assumptions about investors’
knowledge of the underlying return forecasting model (model uncertainty), its parameters (para-
meter uncertainty) and its stability (structural breaks). Kandel & Stambaugh (1996) and Barberis
(2000) analyzed the effect of parameter estimation uncertainty on optimal asset allocations under
predictability in returns. Subsequently, Avramov (2002) and Cremers (2002) extended their results
to account for model uncertainty. In this paper we proposed a further step that allows for model
instability. This is particularly relevant given the long data samples typically used to estimate the
parameters of return prediction models and the sequence of institutional and technological changes

witnessed in the twentieth century. Hence our analysis accounts for

1. model uncertainty
2. parameter uncertainty
3. uncertainty about the number and size of historical (in-sample) breaks

4. uncertainty about future (out-of-sample) breaks

Our empirical results suggest, first, that the parameters of standard return forecasting models
appear to be highly unstable and subject to multiple shifts, many of which coincide with important
historical events. Second, we find that, once such breaks are accounted for, the possibility of
future breaks has a large impact on the optimal asset allocation of a Bayesian investor endowed
with reasonable priors over the distribution from which new parameters are drawn following future

breaks.
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Appendix: Gibbs Sampler for the Return Prediction Model with Multiple Breaks

This appendix extends results in Pesaran et al. (2006) to cover multivariate dynamic models. We

are interested in drawing from the posterior distribution 7 (0, H, p, St| Zr), where

O = (vee(B)1,91, A1, ..y vee(B) ka1, Y1, Axcyt)

are the K + 1 sets of regime-specific parameters (regression coefficients, error term variances and

correlations) and

— 2 2
H= (b07 Vo, Vo,1, dO,lv -+ VO,ms dO,ma Hp12:9 5125 -5 Hpm—1m> Up,m—lm)

are the hyperparameters of the meta distribution that characterizes how much the parameters of
the return model are allowed to vary across regimes. We also use the notation Sy = (si, ..., s7)
for the collection of values of the latent state variable and Zp = (21, ..., zr)’ for the time-series of
returns and predictor variables. Finally, p= (p11,p22,..., Pk k)’ summarizes the unknown parameters
of the transition probability matrix in (5).

The Gibbs sampler applied to our set up works as follows: First, states, Sy, are simulated
conditional on the data, Zr, the parameters, ©, and meta hyperparameters, H; next, the para-
meters and hyperparameters of the meta distribution are simulated conditional on the data and
St. Specifically, the Gibbs sampler is implemented by simulating the following set of conditional
distributions: 7 (Sr|©, H,p, Zr), 7 (0, H|p, S, Z7), 7 (p| S1) -

We use the identity = (©, H,p|Sr, Zr) = 7 (©, H|p,Sr, Zr) 7 (p| Sr) and note that under our
assumptions, w (p| O, H, S, Z1) = 7 (p| Sr).

Simulation of the states Sy requires ‘forward’ and ‘backward’ passes through the data. Define
S; = (s1,...,8¢) and S = (5411, ..., s7) as the state history up to time ¢ and from time ¢ + 1 to T,

respectively. We partition the joint density of the states as follows:
p(sp_1| 57,0, H,p,Zp) x --- x p(s¢| ST, 0, H,p,Zp) x --- x p(s1| S%,0, H, p,Z7). (30)
Chib (1996) shows that the generic element of (30) can be decomposed as follows
p(sil 7,0, H,p,27) o< p( | ©, H, p,Zr)p(se41| s¢,©, H, p), (31)

where the normalizing constant is easily obtained since s; takes only two values conditional on the
value taken by s;11. The second term in (31) is simply the transition probability from the Markov
chain. The first term can be computed by a recursive calculation (the forward pass through the
data) where, for given p(s;—1| 0, H,p,Z;_1), we obtain p(s| O, H,p,Z;) and p(si4+1|0, H,p,Z+1),
oty p(87|©, H,p,Z;). Suppose p(s;—1|0, H,p,Z;_1) is available. Then

=kl Zi_ H B, Y, Zi—
p(St:k|Zt,@,H,p): p(St k| t 1797 >p) Xf(Zt|’U€C( )k7 ky £t 1)

)

k
p(st =110,H,p,Zi_1) x f(z|vec(B), Xy, Zi—1)
I=k—1
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where, for £k =1,2,..., K + 1—and recalling that p;; is the Markov transition probability—

k
p(se=k©,H,p,Zi1)= Y pik xp(si1 =110, H,p,Z 1),
I=k—1
For a given set of simulated states, Sy, the data is partitioned into K + 1 groups. Let Z; =
(z’Tj_1+1, ...,z’7j>/ and X; = (z’Tj_l,...,z’Tj_1>/ be the values of the dependent and independent
variables within the jth regime. To obtain the conditional distributions for the regression parameters
and hyperparameters, note that the conditional distributions of vec(B); are independent across
regimes with?
vec(B); O seep), B0, St 21 ~ N (vec(B),;, 7).

where

— -1
v, = (X3 +)
vec(B); = V,; (X]’Ej_le + ng0> .

The densities of the location and scale parameters of the meta distribution for the regression
parameter, by and Vj, take the form

b0‘®>H—bo>p>STazT ~ N(ﬁﬁaiﬁ)
%_1|®7H—V0,p,ST;ZT ~ W(@B,[WBVB]_ZL),

where
— -1
S = (z;1+(K+1)VO)
_ K+1 .
s = Y| Vo Zl vee(B); + X bg | s
= B
and

g = vg+ (K +1)
K+l
Vi = 321 (vee(B); — bo) (vee(B); —bo)' + V.
Moving to the posterior for the precision parameters within each regime j and for each equation
i, let 2 = (Z; — X;B;)' (Z; — X;B;) with Z;; being its i-th row and j-th column element. Note
that
S]_,z2 @,5]., H,p,Sr,Zr ~G (U()J‘ + n;, dO,i + E.u) ,

where n; is the number of observations assigned to regime j.

9Using standard set notation we define A_; as the complementary set of bin A, i.e. A, ={x € A:x # b}.
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Location and scale parameters for the error term precision of each equation are then updated

as follows:
K+1

UO,i| Gavaoyiapa STazT X H G <5;Z2
7=1

V0,45 dO,i) exp (Uo,z‘| @) (32)

K+1
dO,i| 9, H—doymPa ST7 ZT ~G V0, (K + 1) +%’ Z 8;712 +%
j=1
Drawing vp; from (32) is complicated since we cannot make use of standard distributions. We
therefore introduce a Metropolis-Hastings step in the Gibbs sampling algorithm. At each loop of

the Gibbs sampler we draw a value vy ; from a Gamma distributed candidate generating density,

q (US’A vg;1> ~ Gamma <§,§/vg;1> .
This candidate generating density is centered on the last accepted value of vg; in the chain, Uggl,
while the parameter ¢ defines the variance of the density and the rejection in the Metropolis-Hastings
step. Higher values of ¢ mean a smaller variance for the candidate generating density and thus a

smaller rejection rate. The acceptance probability is given by

™ (1)6(71' @7H—U07,'7p7 ST7 ZT) /q </U(>|):i U[(i;l) 1
7T <’Ugil‘ ("‘), vaoympa STa ZT) /q (Uggl 0677;)

vgzl) , the candidate value v, is accepted as the next value in the

¢ (sl ;") = min (33)

With probability & (USJ’

g—1

chain. Conversely, with probability (1 £ <v§,z‘ Vo

ratio penalizes and rejects values of vg; drawn from low posterior density areas.

)) the chain remains at v(g);l. The acceptance

Moving to the matrix of correlations within each regime, A;, each element of these, \j;., is
sampled independently from the other elements in A;. Liechty et al. (2004) show that—up to a

proportionality constant—its distribution is

I (Niel ©-py, H,p.Sr, Z1) o |Ag] ™ exp {—tr <A;10j) /2} (34)
xexp {= (Njie = tpac) / (207,c) } T{A € R™Y,

where I{-} is the indicator function and A; is the correlation matrix in regime j. The indicator

function I {A € R™} ensures that the correlation matrix is positive definite.
2
psic

additional factor due to the constraint requiring A; to be positive definite:

The full conditional densities for p1, ;. and o7 ;. are similar to the conjugate densities with an

K+1
f <[Lp’ic} ©,H_p,..,P; ST,ZT> x H exp {— (Njjic — ,up’ic)2/ (2012;@)} (35)
j=1

X exp {— <MW-C — M) / (27_126> } I{AeR™}
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K+1
f (O‘iic‘ o, H_O—E),i(:’p, S, ZT) o H exp {— (rj,ic — lup,z'c)2/ (20,2)7ic)} (36)
j=1

2 (17%@) ) .
Up,ic exp <_bﬂ,i0/ap,ic> I {A ER }

The distributions of the correlation coefficients within each regime, A; ;., and of the hyperparameters
2
psic

inside the main Gibbs sampling algorithm.

Hpic and o7 ;. are not conjugate so sampling is accomplished using a Griddy Gibbs sampling step

Finally, p is simulated from the conditional beta posterior
pjj| St ~ Beta(a + lj, b+ 1),

where [; = 7; — 7;_1 — 1 is the duration of regime j.
The distribution for the hyperparameters a and b is not conjugate so sampling is accomplished

using a Metropolis-Hastings step. The conditional posterior distribution for a is

K
7 (al©,H_y,S7,p, Zr) < [[ Beta(pjj|a,b) Gamma (a|@,@) ,
j=1
and similarly for b. To draw candidate values, we use a Gamma proposal distribution with shape
parameter ¢, mean equal to the previous draw a9

q(a*|a’) ~ Gamma (s,s/a?),

and acceptance probability

7T<a’*| @7H7578T7p7 ZT) /q(a*| ag)
ﬂ-(a’g|@7H*b78T7p7ZT)/q(ag’a*), )

¢ (a*|a?) = min

If no new breaks occur out-of-sample, we obtain a draw from 7 (Bgi1, Xx+1| H,p, Sr, Z7).

Then, conditional on these parameters, we draw Rr. from the posterior predictive density,
Rryn ~p(Rryn| Bky1, Xk+1, 974 = K+ 1,57 = K +1,2r) . (37)

With a single future break, we update the posterior distributions of bg, Vp, Uo,l,do,l,vo,z,doz,ﬂp,u

2 .
and 07 15 as follows:

Draw by from
bO ~ T (b0| ®7H—b0>P7 ST,ZT) )

and Vp from
Vo~m (VE)il‘ ®7H—V07P7 ST>ZT) .

Draw vg,1 and vg 2 from
voi ~ m (v0,i| ©, Hooy,, P, ST, 21) ,
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and dp 1 and dp 2 from
doi ~ m (do| ©, H_g,,, P, S, 2r) .

Draw p, 19 from
Hp12 ~ T (H‘p,l?} @7 H*,up,ica P, ST, ZT) )
and 0/2)712 from

2 2
O-P712 ~ T (0P712| @’H_U?),'Lc7p’ ST7 ZT) .

For a fixed set of hyperparameters, draw By o and g yo from their respective priors given by
s (BK+2| bo, Vo) and

2 .
T ( Yk+2|v01,d0.1,v0,m, dom, Hp.12s Up,12ZT) , respectively.

Draw Rp.p from the posterior predictive density,
Rrin ~p(Rrpn| Sran =K +2, 7k =T+ 5,57 =K+1,27). (38)

To obtain an estimate of px 41 x+1, we combine information from the last regime with prior

information, assuming the prior px i1 xy1 ~ Beta(a,b), so

pK+1,K+1| Zp ~ Beta(a +Nngi1,K41, b+ 1) (39)

where ng 1 k41 is the number of observations from regime K + 1.
Turning to the case with an arbitrary number of future breaks, draws from the distribution
of the parameters a,b that characterize the break probability use that the conditional posterior

distributions for a and b are

K
m(al©,H_y,S7,P,Zr) o [ Beta(pj;j|a,b) Gamma (a|@,@)
j=1

K
w(b|©,H_4,Sr,P,Zr) Hl Beta (pjj;| a,b) Gamma (b] ag, bo) -
j:

Using these new posterior distributions, we generate draws of px 42 k42 using the prior distribution

for p;; and the resulting posterior densities for a and b,

PK+2,K+2| a,b ~ Beta(a,b).

19Since we do not have any information about the length of regime K + 2 from the estimation sample, we rely on

prior information to get an estimate for px 42 K42.
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Hyperparameters of Meta distributions

I Return equation

Mean Parameters

mean s.d.  95% conf interval
bo(p,) -0.022 0017 -0.064  0.001
bo(8,) 0830 0313 0245  1.460
IT Dividend Yield equation

Mean Parameters

mean s.d. 95% conf interval
bo(,ux) 0.002 0.000 0.001 0.002
bo(,@m) 0.945 0.025 0.891 0.980

Correlation parameters

mean s.d. 95% conf interval
o -0.937 0.035 -0.987 -0.862

Transition Probability parameters

mean s.d. 95% conf interval
ago 33.737 18.031 8.263 80.787
bo 0.847 0.416 0.336 2.153

Table 3: Estimates of the parameters of the meta distribution that characterizes variation in the
parameters of the return model across different regimes. The estimates are from a model with
predictability of returns from the dividend yield and assume eight historical breaks. Within the jth
regime the model is: z; = B}xt_l + ug, where z; = (14, x¢)" is the vector of stock returns and the
predictor variable, and vec(B); ~ N (bo, Vo). pj ~ N(1p, aﬁ) is the correlation between shocks to the
dividend yield and shocks to returns in the jth regime, while p;; ~ Beta(ao, by) is the probability
of remaining in the jth regime. The sample period is 1926:12-2005:12.
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Regimes
Full sample 26-34 34-51 51-69 69-79 79-82 82-05

for

mean 0.008 0.001 0.006 0.025 0.016 0.081  0.004

s.d. 0.003 0.017 0.006 0.006 0.017 0.038 0.007
Br

mean -1.049 -0.373 3.322 -7.056 -3.492 -8.133 0.523

s.d. 0.736  7.032 8968 2.555 3.479 3.912 1.470
Or

mean 0.056 0.108 0.059 0.034 0.046 0.047 0.044

s.d. 0.001 0.008 0.003 0.002 0.003 0.006 0.002

e X 100

mean 0.002 0.005 0.001 0.005 0.018 0.113 0.003

s.d. 0.001 0.004 0.000 0.002 0.009 0.065 0.002
B

mean 0.993 0.966 0.996 0.987 0.969 0.861 0.990

s.d. 0.004 0.017 0.003 0.008 0.018 0.069 0.005

oz X 100

mean 0.029 0.029 0.004 0.017 0.033 0.110  0.018

s.d. 0.001 0.002 0.000 0.001 0.002 0.014 0.001
Praz

mean -0.079  0.075 0.017 -0.034 -0.403 -0.474 0.014

s.d. 0.032 0.024 0.025 0.028 0.027 0.029 0.024
p

mean 0.986 0.993 0.993 0.989 0.974 N.A.

s.d. 0.011  0.0056 0.006 0.008 0.020 N.A.

Table 4: Parameter estimates for the return (r;) forecasting model with five break points, based

on the lagged T-bill rate (z:-1) as a predictor variable: ry = p,; + B, Tt—1 + €1, €t ~ N (O,a%,),

Ty = M$j+5xjxt—1+6$t7 €zt ~ N (07032;j)7 Pr (St = ]‘ St—1 = .7) = Pjj, corr (GT‘t7 6a;t) = Przx;, Tj—1+1 <
t < 7;. The sample period is 1926:12-2005:12.

40



Hyperparameters of Meta Distributions

I Return equation

Mean Parameters

mean s.d.  95% conf interval
bo(pr) 0.028  0.053 -0.073  0.143
bo(Br) -2.629 5905 -14.276 9.487
IT T-bill equation

Mean Parameters

mean s.d. 95% conf interval
bo(,ux) 0.000 0.000 0.000 0.001
bo(ﬁx) 0.915 0.047 0.810 0.984

Correlation parameters

mean s.d. 95% conf interval
Hp -0.132 0.180 -0.513 0.271

Transition Probability parameters

mean s.d. 95% conf interval
ago 27.363 15.035 6.425 65.787
bo 0.709 0.295 0.260 1.459

Table 5: Estimates of the parameters of the meta distribution that characterizes variation in the
parameters of the return model across different regimes. The estimates are from a model with
predictability of returns from the T-bill rate and assume five historical breaks. Within the jth
regime the model is: z; = B}xt_l + ug, where z; = (14, x¢)" is the vector of stock returns and the
predictor variable, and vec(B); ~ N (b, Vo). pj ~ N(,up,aﬁ) is the correlation between shocks to
the T-bill and shocks to returns in the jth regime, while p;; ~ Beta(ag, by) is the probability of
remaining in the jth regime. The sample period is 1926:12-2005:12.
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Hyperparameters of Meta distributions

I Return equation

Mean Parameters

Hopsr
KBy
Py
Pp,

mean
-0.020
0.948
0.488
0.428

s.d.
0.093
0.527
0.295
0.262

95% conf interval

-0.203 0.162
0.021 2.081
0.015 0.978
0.013 0.932

IT Dividend Yield equation

Mean Parameters

Hpig
B,
Pz
P

mean
0.005
0.469
0.485
0.504

s.d.
0.089
0.288
0.287
0.294

95% conf interval

-0.177 0.193
-0.033 0.986
0.030 0.973
0.019 0.969

Table 6: Estimates of the hyperparameters of the meta distribution for the return forecasting model
with eight break points based on the dividend yield as the predictor variable under dependence of
the regression parameters across regimes: z; = B;.xt_l + uy where z; = (ry, xt)' is the excess return

and the predictor variable, and vec(Bj) ~ N (u + pvec(Bj-1),%,), j = 1,..., K + 1. The sample

period is 1926:12-2005:12.

42



*3dooIojur uR SopNOUI AJUO [opowl urowW Julfleadld oy} o[lym ‘O[qeLrea 10901paid e sopnyoul

Y MOpUIM TOTjewIr)so Surpuedxa Ue S9SN [9POW SYBAI(-OU, 91} SyedIq oIninj pue jsed I0J Smo[[e [opowl syealq, o], G00Z-0L6T SI

potrad ordures oy ], *)sed910] o1} Jo jutod oY} Je S[qR[IRAR A[RILIOISI SI JRl[} UOljeuLIojul A[uo Sursn pajepdn 108 [opout o1} jo siojourered

o[} Se A[OAISINODI POJRIOUSS dIv S)SRIDI0] "SYIUOUW g] = [ 0} SYuoW | = [ Wolj Sulduel SUOZLIOY IsedaI0] e (] [pued) o1el [[Iq-T, o)

10 (T [oued) pIolA PUSPIAIP o1} UO Paseq S[@POUW WOIJ $)seI9I0] ouil}-[eal opnoasd I0J SI0Llo parenbs ueow jool ojdures-jo-1n(Q) :), 9[qr],

091°0 €ST°0 SPI°0 LETO 6¢1°0 OCI'0 TIT0 TOT0 0600 800 %900 Sv0°0 weawr Jurresard
681°0 8LT'0 L91°0 LST°0 GP1°0 €€T°0 Tgl'0 L0T°0 S60°0 1800 9900 ¢Ev00 SeaLq ou
80¢°0 G610 ¢8I0 O0LT0 2LST0 €PI'0 6¢I'0 €IT°0 6600 %800 21900 9¥0°0 syra.Iq
¢I=1 T1=4 01=4 6= 8=4U L= 9=y =4 p=q4 ¢E=4 =14 TI1=4

UOZLIOY }SBIAIO 10%01paid se [[1q-7T, :II
091°0 €ST°0 SPI'0 LETO 6¢1'0 O0¢I'0 TIT0 TOT'0 0600 800 %900 Sv00 weowr Jurfreadrd
19T°0  €91T°0 S¥PI'0 LET'0O 6¢1°0 0OCr'0 TIT'O TO0T0O 0600 8L0 %900 G700 S}ealq ou
P8T'0 9210 991°0 9ST°0 9¥I°0 GET'0 G¢I'0 €IT°'0 00T°0 G800 8900 LvOO syealq
¢I=1 T1=4 O01=4 6= 8=4U L= 9=y ¢G¢=U p=q4 ¢=4 =14 I1=4

UOZLIOY 3Seo9.10

10301pa1d se potx ]

$)SBD9I0J oW} T8dI JO HSINY :L °[qel,

43



