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IMPLIED VOLATILITY FUNCTIONS:
EMPIRICAL TESTS

Claims that the Blad and Schdles (1973 vauation formula no longer hads in financia
markets have recently appeaed with increasing frequency. When the Blad/Scholes
formula is inverted to imply volatilities from observed opion fices, the volatility
estimates diff er acossexercise prices and times to expiration.* For S& P 500index option
prices prior to the October 1987 market crash, for example, the implied vdatiliti es form a
“smile” pattern. Options that are dee in-the-money or out-of-the-money have higher
implied vdatiliti es than at-the-money options. After the aash, the pattern changed —
implied vdatiliti es of S&P 500 ogions deaease monaonicdly as the option exercise
price rises relative to the aurrent index level, with the rate of deaease increasing for
options with shorter time to expiration.

The fallure of the Bladk/Scholes model to describe the observed structure of
option prices is thowht to arise from its constant variance asumption? Casua
empiricism suggests that when stock prices go up vdatility goes down, and \Mice versa.
Acoourting for nonconstant volatility within an ogion valuation framework, however, is
no easy task. With stochastic volatility, option valuation generall y requires a market price
of risk parameter, which, among other things, is difficult to estimate. An exception to this
valuation poblem occurs where the volatility of the underlying asset’s return is a
deterministic function d asset price and/or time. In this casg, it remains possble to value
options based onthe Bladk/Schales partia differential equation athough na by means of
the Black/Scholes formula itself.

Derman and Kani (1994, Dupire (1994, and Rubinstein (1994 adop variations
of a deterministic volatility (DV) option valuation model. Rather than pasiting a structural

form for the volatility function o(S,t), however, these authors suggest searching for a

! Rubinstein (1994 examines the S&P 500 index option market. Smile investigations have dso been
performed for the Philadelphia Exchange's foreign currency option market (e.g., Taylor and Xu (1993),
and for stock options traded at the LIFFE (e.g., Duque and Paxson (1993) and the European Options
Exchange (e.g., Heynen (1993)).

% Indeed, Bladk (1976 p. 177) sucdnctly states that “... if the volatility of a stock changes over time, the
option formulas that assume a constant volatility are wrong.”



binomial or trinomial lattice that achieves an exact crosssedional fit of reported option
prices. Rubinstein (1994, for example, uses an “implied bhinomia tree” gproad. Current
option prices are used to buld a binomial tree with branches at ead nock that are
designed (either by choice of up-and-down increment sizes or probabiliti es) to refled the
time-variation d volatility. With as many degrees of freedom as option pices, these
models can oltain an exad fit of the observed structure of option prices a time t.
Unfortunately, nore of these studies examine the stability of the implied treethrough time.
In particular, if the implied binomial tree estimated at time t is corred, it shoud include
the implied tree estimated at tirtiel.

The purpose of this paper is to asessthe stability of the implied vdatility function
o(S,t). A stable volatility function lends credibility to the DV approach. In this case, the
DV framework shoud provide abetter means of setting hedge ratios and valuing exotic
options. On the other hand, if the functionis nat stable, it canna be daimed that the true
volatility function of the underlying asset price has been identified.

The paper is organized as follows. In Sedion |, we review option valuation unagr
deterministic volatility and ouline our implied vdatility function estimation grocedure. In
Sedion Il, we describe our sample of S&P 500 index option prices and dacument
Blad/Scholes implied vdatility patterns that have gpeaed duing the past six yeas. In
Sedionlll, we estimate aosssedionaly the implied vdatility functions and describe the
mode’s goodressof-fit. In Sedion 1V, we a%ss how well the volatility function
estimated at time t predicts option prices one week later. In SedionV, we a®sshedging

performance. The study concludes in Section VI with a summary.

|. Option Valuation Under Deterministic Volatility
The vauation d options under the aumption that the voldtility rate is a
deterministic function o asst price and time is presented in this dion. We begin by
providing the Blad/Schales partial differential equation (PDE). Although the structure of
the PDE remains the same under deterministic volatility, anaytica formulas are generally
not possble and approximation methods must be used. Since our objediveisto infer the

volatility function from a aosssedion d option pices, we re-write the Blad/Scholes



badkward equation as a forward equation to speeal the estimation. Finally, we describe in
detail our procedure for estimating the volatility function.
A. Black/Scholes valuation
Asauming the volatility rate of the underlying asset is a deterministic function o
asset price and time, the Black/Scholes (1973) partial differential equation can be written
oc_de
S
wherer istherisklessrate of interest, Sis the @t price cisthe option price g?(S,t) is
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the local volatility function, andt istime. The equation applies bath to cdls and pus and
to Europear- and American-style options. What distinguishes the vauations are the
boundry condtions. For a European-style cdl option, for example, the boundiry
condtion, ¢(S,T) = max(S— X,0), is applied a the option's expiration. In the speda case
where the volatility rate is constant, o(S,t) = o, the value of a European-style cdl can be
obtained analyticdly, with the resulting formula being known as the “Blad/Scholes
formula.” In general, however, valuation formulas canna be obtained although option
valuation remains possble through the use of numericd procedures. Rubinstein (1994
uses a binomial lattice goproach, while Dupire (1994 recommends a trinomial approacd.
For reasons that will be discussed later, we use the Crank-Nichalson finite difference
procedure.
B. Specifying the forward equation

The partial differential equation (1) is the backward equation d the Blad/Scholes
model. The cdl option valueisafunction d Sandt for afixed exercise price X and time
to expiration T. At time t when Sis known, hovever, we can equivalently consider the
crosssedion d option prices (with different exercise prices and times to expiration) to be
functionaly related to X and T. As Dupire (1994 shows, this means that the value of a
European-style cdl option, c(X,T), can be written as the forward partial differential

equation’

% The option price ¢, and the underlying asset price, S, are taken to be forward prices (forward to the
maturity date of the option). For that reason, equation (1) ignores interest and dvidends, which are taken
into account in the definition of forward prices.
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with the asciated initial condtion, c¢(X,0) = max(S— X,0). The avantage of the

forward equation approach is that al option series with a wmmon time to expiration can
be valued simultaneously. Alternatively, we @muld have solved the Bladk/Scholes PDE as
many times as we have options of different exercise prices and readed the same numericd
results. Indeed, the badkward equation approach would be necessary where one wanted to
infer the volatility function from American-style option prices.
C. Estimation of the volatility function
We estimate the volatility function (X, T) by fitting the option valuation model

to the observed structure of option prices at timet. At this juncture, howvever, a(X,T) is
an arbitrary function. We posit a number of different structural forms for o(X,T)
including

Modd 0: 0 =a,

Modd 1. 0 =a,+a, X +a,X? @)
Modd 2: 0 =a,+a X +a,X*+a,T+a XT
Modd 3: c=a, +a, X +a,X*+a,T+a, T  +a XT

Mode 0 is the Bladk/Schdes model where the volatility rate is constant. Model 1 attempts
to capture variation with the as<t price, and Models 2 and 3 capture alditional variation
with respect to time.

In using parsimonious volatility function structures sich as Models 1 through 3,
our approach daes nat guarantee that the fitted, theoreticd values match the observed
option prices. As auch, it can be distinguished from the gpproadies suggested by Derman
and Kani (1994, Dupire (1994 and Rubinstein (1994). These authors, in various ways,
suggest building a binomia or trinomial treewith variable volatility. Since these trees eath
contain as many degrees of freadom as there ae option prices available to be fitted, an
exad fit of quaed opion pices can be obtained. The question is, however, whether or
nat the observed structure of option pices has been owerfitted—a question that can be

answered orly by moving out of sample. If the volatility function is constant through time,



asis assumed by the model, the implied tree & time t shoud contain the treeimplied at
time t+1. Alternatively, in terms of our approad, the volatility function estimated at time
t+1 shoud have the same wefficients as the function estimated at time t. While the
restricted functional form deteriorates the quality of the fit at timet, there is no reason to
believe that it would deteriorate the quality of the prediction to time t plus one week,
relative to the dternative tree-based procedure which islessparsimonious in terms of the
number of parameters to be estimated.

Finally, we must qualify the use of our approach. Our overall procedure is not a
testing procedure. The “null hypothesis’ being investigated is that volatility is an exad
function d as=t price and time, so that options can be priced exadly by the no-arbitrage
condition. Evidently, any deviation from such a strict theory, nomatter how small, shoud
cause atest statistic to rged it. No source of error has been postulated that makes a
deviation from the theory tolerable* If a source of error had been introduced, some
restriction on the sampling distribution d the eror could have been deduced. That
restriction could have been the basis for a testing procedure.® Barring such an approadh,
for which noconsensus exists in the literature, the empiricd procedure employed here will
have to remain a descriptive one. Whether prediction errors are large or not is a matter of

judgment.

I1. S& P 500 Option Pricesand Implied Volatility Smiles
S& P 500index options grve athe basis of our empiricd analysis. In this dion,
we describe the data used in ou analyses and daument the cmmonly-observed pattern

in Black/Scholes implied volatilities.

* The same difficulty arises in the enpiricd verification of an exad theory. See MadBeth and Merville
(1979), Whaley (1982), and Rubinstein (1985).

® Jacquier and Jarrow (1995 introduce two kinds of errors in the Blad/Scholes model: model error and
market error, which they distinguish by assuming that market errors occur rarely. Other approacdhes to the
problem include Lo (1986 who introduces parameter uncertainty, Clément, Gouriéroux and Montfort
(1993 who randomize the martingale pricing measure, and Bossaeats and Hilli on (1994 whose aror is due
to discreteness in hedging.



A. Data Selection

Our sample mntains observed prices of S&P 500 index options traded on the
Chicago Board Options Exchange (CBOE) during the period June 1988 through
December 1993° S&P 500 index options are European-style and expire on the third
Friday of the contrad month. Originally, S&P 500 ogions traded at the CBOE expired
only at the dose of trading on the expiration day and were denoted by the ticker symbadl
SPX. When the Chicago Mercantile Exchange (CME) changed the expiration d their
S& P 500futures contrad from the dose to the open in June 1987,the CBOE introduced a
seaondset of S&P 500 options with the ticker symbal NSX that expired at the open along
with the futures. At the outset, the trading volume of the S& P 500 “open-expiry” option
series was considerably lower than the “close-expiry” options. Over time, however, the
trading volume grew and eventuall y exceealed that of the dose-expiry options. On August
24, 1992 the CBOE reversed the ticker symbals of the two sets of options. Our sample
contains SPX options throughout: close-expiry options until August 24, 1992and open-
expiry options afterward. During the first subperiod, the option's time to expiration is
measured as the number of cdendar days between the trade date and the expiration date;
during the seand, the number of days to expiration is the number of cdendar days
remaining less one.

In the last sedion, we agued that it is more dficient to estimate the implied
volatility function wsing forward prices rather than spot prices. To cary out this
estimation, therefore, we must transform observed spot prices for the cah index and
option series into forward prices. For the index level, this means that we require bath the
term structure of interest rates as well as the daily cash dvidends over the life of the
option. To proxy for short-term risklessinterest rates, we use the T-bill rates implied by
the average of the bid and ask discourts. The history of these discourts was colleded
from the Wall Street Journal. The eitire term structure was colleded eat day. The
risklessrate crrespondng to an option with time to expiration, T, is the rate obtained by

interpalating the rates of the two T-bill s whase maturities gradde the option expiration.

® The sample begins June 1988since it was the first month that Standard and Poors began reporting daily
cash dividends for the S& P 500index portfolio. SeeHarvey and Whaley (19920 regarding the importance
of incorporating discrete daily cash dividends in index option valuation.



The daily cash dvidends for the S& P 500 index portfolio were wlleded from the S&P
500 Information Bulletin. To compute the present value of the dividends paid duing the
option'slife, PVD, the dail y dividends are discourted at the rates correspondng to the ex-
dividend dates and summed over the life of the option, that is,

PVD = Zl D, e (4)
where D, isthei-th cash dvidend payment, t; is the time to ex-dividend from the aurrent
date, r; isthe interest rate crrespondng to the time to ex-dividend (interpolated from the
current term structure of interest rates), and n is the number of dividend payments during
the option’s life’ The implied forward price of the S&P 500 index is therefore

F =(S-PVD)e", (5)
where T is the time to expiration d the option. The forward price of an ogtionis smply
the aurrent price caried forward to the option's expiration at the gpropriate riskless
interest rate (e.gce'").

The reported cash index level, S in (5) is only an expositional device and is never
used for valuation puposes in ou anaysis. Indeed, feaing imperfed synchronization
between the option market and cther markets,® we use neither the reported S& P index nor
the S&P 500 futures price from the CME.° Instead, we infer the cah index level
simultaneously with the parameters of the volatility function from the adosssedion d
option pices. In this way, ou empiricd procedure relies only on olservations from a
single market and nd others. Consequently, no auxili ary assuumption d market integration
is necessary?

In condtcting our investigation, we estimate eat model of the volatility function
once eab wee during the sample period June 1988 through December 1993.
Wednesdays are used because fewer holidays fall on Wednesday than any other trading

" The mnvention introduces an inconsistency, with small consequences, between option prices of different
maturities. In constructing the forward version of the S&P 500index level, one asumes that the dividends
to be paid during the option’s life are certain.

8 See Fleming, Ostdiek and Whaley (1995).

® For a detail ed description of the problems of using a reported index level in computing implied volatility,
see Whaley (1994, Appendix).

1% This is not quite true since we use Treasury bill rates in computing forward prices.



day. Where a Wednesday was a hdiday during the sample period, the trading day
immediately preceding Wednesday was used.

We estimate the volatility functions by minimizing the sum of squared errors of the
observed option prices from the options theoreticd values.'* To proxy for observed
option prices, we use bid/ask price midpants. Trade prices, by their very nature, are
exeauted at the bid or at the ak, depending on the motivation d the last trade. For the
crosssedional estimation d the volatility function, this means that trade prices induce
noise, making the estimation d the function lesspredse. Bid/ask midpants, onthe other
hand, contain no such error.

Three eclusionary criteria were gplied to the data. First, we diminated ogions
with lessthan six and with more than ore hunded days to expiration. Options with less
than six days to expiration have relatively small time premia, hence the estimation o
volatility is extremely sensitive to norsynchronows option prices and aher possble
measurement errors. Options with more than a hunded days to expiration, onthe other
hand, are unrecessry since our objedive is only to determine whether the volatility
function remains valid over a span o one week. Including longer-term options would only
serve to deteriorate the cross-sectional fit.

The second exclusionary criterion filtered ou deg in- and ou-of-the-money
options. Like in the cae of extremely short-term options, deep in- and ou-of-the-money
options have littl e time premia and hence ontain littl e information about the volatility
function. In addition, these options have littl e trading adivity, hence price quaes are

generaly not suppated by adual trades. To operationdlize this criterion, we diminate

options whose absolute “moneyness,” tha‘ﬂ[x(; —1) , is greater than ten percéft.

Finally, orly options with hid/ask price quaes during the last half hour of trading
(i.e,, 245to 315 PM (CST)) are used. Restricting ourselves to such a tight window of

time is necessry becaise, as we explained ealier, we dso imply the cah index level from

" The dgorithm used for the minimization is“AMOEBA” from Press Teukolsky, Vetterling, and Flannery
(1992). The routine is based on the downhill simplex method of Nelder and Mead (1965).
S-PVD 1)‘

2 The moneyness variable may also be written in terms of spot prices, }.b@({sv -
e



the observed option prices. The option prices used for that purpose must, therefore, be
reasonably synchronows. The st of this criterion is, of course, that we include only a
reduced number of option qudes. The st is nat too orerous, however, since we find
quaes for an average of 44 cdl/put option series during the last half-hou eadt
Wednesday.™® Seventeen of the 292 Wednesday crosssedions had orly one mntract
expiration; 141 had two; 129 had three; and five had four.
B. Volatility smiles

To ill ustrate the Bladk/Schales “implied vdatility smile”, we used bhid and ask price
qudes for cdl options'* during the 2:45-3:15 PM window on April 1, 1992(a typicd day)
and computed implied vdatiliti es*™ based on the Blad/Scholes cdl option valuation
formula,

c=(S-PVD)N(d,) - Xe""N(d,), (6)

where d, =[In((S- PVD)/ Xe )+50°T]/ 0T, d,=d,-04T, and N() is the
cumulative normal density function. The pattern of implied vdatiliti es is displayed in
Figure 1. Note that these ae the Blad/Schales implied vdatiliti es and nd a graph d the
volatility function g(S,t). The fad that they do nd fall onan haizontal lineis, of course,
evidence that the Black/Scholes formula does not hold.

Several fedures in Figure 1 deserve mmment. First, observe that implied
volatiliti es correspondng to bid and ask quaed prices are dosest together for options that
are gproximately at the money (where percent moneynessis zero). Bid and ask implied

volatiliti es are further apart as moneynessmoves away from 0, particularly to the right of

13 To asessthe reasonableness of using the 2:45-3:15 PM window for estimation, we computed the mean
absolute return and the standard deviation of return of the neaby S& P 500futures (with at least six days to
expiration) by fifteen-minute interval throughout the trading day aaossthe days of the sample period. The
results indicated that the lowest mean absolute return and standard deviation of return occur just prior to
noon. The end-of-day window is only dlightly higher, whil e the beginning-of-day window is nealy double.
We dhose to stay with the end-of-day window for ease in interpretation of the results, although our plans are
to replicate the steps of the study using the 11:30-12 noon window each day.

14 For this exercise only, we use the reported stock index level in the estimation of volatility. Since the
reported index is always dae, we use only cdl options. While astale index causes the implied volatiliti es of
the cdlsto be biased dovnward or upward depending on whether the reported index is above or below its
true level, the bias for all calls will be in the same direction. With puts, the bias is opposite.

15 For this illustration only, we did not enforce the moneyness criterion.



the figure where the cdl options are deep in the money. The reason is that the market for
these options is less active so market makers require a larger $pread.

Sewnd, the so-cdled “smile” is not a smile & al. The label arose prior to the
October 1987 market crash when, in general, the Blad«/Schales implied vdatiliti es were
symmetric aound zero moneyness with in-the-money and ou-of-the-money options
having higher implied vdatiliti es than at-the-money options. The pattern displayed in
Figure 1, havever, isindicaive of the pattern that has generaly appeaed sincethe aash,
that is, cdl (put) option implied vdatiliti es increasing monaonicdly as the cdl (put) goes
deeper in the money (out-of-the-money).

Third, the smile tends to attenuate & time to expiration increases. For the cdls
with 17 dys to expiration, the range of implied vdatiliti es is from glightly more than 10
percent to nealy 30 percent. For the 45-day and 80day cdls, implied vdatiliti es are not

higher than 22 percent while having approximately the same lower bound.

[1. Estimation Results

Using the S&P 500 index option cdhta described in the previous sdion, we
estimate the four different volatility function spedficaions given in (3). As was noted
ealier, Model 0 is the Blad/Schaes constant volatility model. Model 1 alows the
volatility rate to vary with asset price but not with time. Models 2 and 3 attempt to
cgpture time variation. A fifth model, cdled the “Switching Model,” uses the volatility
functions given by Models 1, 2 and 3, dpending on whether the number of different
option expirations on a given day is one, two, a three This modd is introduced die to
the fad that in some of our crosssedions, there is littl e or no time-to-expiration variation,
undermining our ability to predsely estimate the relation between the volatility rate and
time. We etimate eab model by minimizing the sum of squared errors between the
observed option prices and their theoreticd values based on the DV option vauation

model. For all volatility function spedficaions, we truncae the volatility rate & one

18 Spreads are generally competitively determined. The CBOE has rules governing the maximum spread
allowed for options with different degrees of moneyness.
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percent. Finaly, to avoid passhble problems with index level staleness the cah index level
is simultaneously estimated along with the volatility function’s parameters.
A. Goodness-of -fit

Table 1 contains sImmary statistics of the estimation results aadossall 292 daysin
the sample period June 1988 through Decanber 1993. Average roat mean sgquared
valuation error (RMSVE), average valuation error outside the bid/ask spread (AVERR),
and the frequency with which the spedfied model has alower RMSVE than the switching
model (FreqSW) are reported.

The average RMSVE results reved that there is a strong relation between vdatility
and asset price When the volatility rate is a quadratic function asset price (Model 1), the
average RMSVE of the DV option vauation modd is less than half of that of the
Blad/Schales constant volatility model (Model 0), .3010vs. .6497.Time dso appeasto
have an important effed. In moving from Model 1 to Modd 2, the arerage RMSVE is
reduced further (i.e., from .3010to .2300, albeit not quite a dramaticdly. The aldition
of the time variable to the volatility function appeas to be important, although most of the
incremental explanatory power appeas to come from the aossproduct term, XT. Adding
a quadratic time to expiration term (Modd 3) reduces the arerage RMSVE to its lowest
level of the asumed spedfications, .2264.The switching mode’s RMSVE is virtualy the
same.

The frequency with which competing models have lower RMSVE's than the
switching model suppats the switching model as being the “best” of the avallable
aternatives. Only Model 3 comes close, having a lower RMSVE in 37.3 @rcent of the
crosssedions examined. Model 2 is next with 14.7 grcent. The cnstant volatility model
never has a lower RMSVE.

The average bid/ask spread o the option series used in ou estimations is
approximately 47 cents over the sample period. With such a wide trading cost band, few
of the theoreticd option values lie outside the range of observed hid and ask prices. The
average asolute valuation error outside the bid/ask spreal (i.e., the difference between
the fitted value and the &k priceif the fitted value exceeals the ak, the diff erence between
the bid price and the fitted value if the fitted value is below the bid, a zero if the fitted

11



value lies between the bid and ask prices), denoted AVERR, is less than 5 cents for the
switching model. So, even a volatility function with as few as six parameters provides a
cross-sectional fit that is largely within trading cost bands. Naturally, adding more
parameters would eventually ensure a perfect fit.

Figures 2 and 3 show the actual and fitted prices and valuation errors by option
series on that day. Figure 2 contains the actual bid/ask price midpoints and the fitted
values of the options on April 1, 1992. Given the wide range of option exercise prices, the
deviations from the model values appear quite small. The solid fitted value line appears to
fall on the observed prices across all option series. Figure 3, on the other hand, is more
informative. For the 17-day call option, for example, the valuation error is positive and
largest for deep in-the-money calls and fals virtually monotonically as the calls go less and
less in the money. The valuation errors for the 17-day puts, however, appear much more
random. Deep out-of-the-money puts have large positive vauation errors, and the
valuation errors fall as the puts become more in the money. Then, the pattern reverses,
with in the money puts having increasing positive valuation errors. For the longer time to
expiration options, the valuation errors are less systematic.

B. Parameter estimates

The average parameters estimated for each of the volatility function are aso
interesting. Model O is, of course, the constant volatility model of Black/Scholes. When
this model was fitted each week during our 292-week sample period, the mean estimated
coefficient &, was 15.72 percent. The distribution of implied volatilities was dlightly

skewed to the right in the sense that the median estimated coefficient was 15.17 percent.
The minimum estimate was 9.43 percent on December 29, 1993, and the maximum was
27.16 percent on January 16, 1991.

Modd 3 is the least parsimonious volatility function that we consider. Figure 4
contains an illustration of the estimated volatility surface generated by Model 3 on
Wednesday, April 1, 1992. On that day, there were 73 option series across three

maturities that satisfied our exclusionary criteria. The estimated coefficients were:
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4, =113620 4, =-24251:

4, =-000014823 4, =.347430
4, =-.000001674 4, =.0512376

with an implied cash index level of 404.61.Figure 4 shows that, for a given time to
expiration, the locd volatility displays a smile-like pattern. As the index level falls from its
current level of 404.61, vdatility increases at an increasing rate. As the index level rises,
volatility continues to fal, however, it eventually begins to rise oncethe index level rises
above gproximately 500.Looking at the other horizontal axis, volatility does not appea
to have an extraordinary term structure shape. Indeed, the surface @peas quite flat as the
time to expiration of the option increases.

The wefficients estimated using the observed option prices on April 1, 1992can
also be used to deduce the shape of the risk-neutral probability distribution at the end o
the options’ lives. Figure 3 shows the implied distributions for the April, May, and June
1992 opion maturities. Note that all of the distributions are skewed to the left. This result
is oppasite the right-skewness that is implicit in the Bladk/Schoes assumption o
lognormall y-distributed asset prices. The wider variance for the May and then June
expirations merely refleds the fad that the longer is the option’'s time to expiration, the
greder is the probability of large asst price moves. It is interesting to nde that our
implied dstribution daes not exhibit the bimodality of the distribution implied in
Rubinstein (1994). One possble explanation for thisis that our analysis assumes a more

parsimonious volatility function.

V. Prediction Results
The estimation results reported in the last sedionindicate that the more terms that
are alded to the volatility function, the better the DV option valuation model does at
explaining the observed structure of option prices. A criticd assumption d the model,
however, is that the volatility function is deterministic and remains gable through the
option's life. In this edion, we evaluate how well the volatility function estimated ore

week values the same options one week later.
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Figures 6 and 7 show the actual and fitted prices and valuation errors by option
series on atypica day during our sample period, April 8, 1992. Table 2 contains summary
statistics of the prediction results across all 291 days remaining in the sample. Turning first
to the figures, it isinteresting to note that the theoretical option values (i.e., the solid line)
lie frequently outside the bid/ask price spread (i.e., the dashed lines). Figure 6 shows that
this is particularly true for longer term options. Figure 7 further illustrates the time to
expiration bias. In this figure, the bid and ask prices are normalized by the bid/ask price
midpoint. Hence, the dashed lines are symmetric around zero. The theoretica values are
also normalized by the bid/ask price midpoint. Consequently, the figure shows clearly
where, and by how much, the fitted value deviated from the quotes. While the valuation
errors are largest for the 80-day options, they are till quite large for the 45-day and even
some of the 17-day options.

Table 2 provides the summary statistics of the prediction errors across al days in
the sample. The table shows that the errors are generaly quite large relative to the Table 1
results. The average RMSVE across the days in the sample is about 57 cents for all DV
models except Model 0. Recall that the in-sample errors were about 23 cents. The
magnitude of the error should not be surprising, however, in the sense that new market
information has disseminated over the week, presumably causing the level of market
volatility to be revised. Indeed, the average mean absolute valuation error (AVERR)
outside the bid/ask spread is nearly 30 cents!

The average RMSVE for Model 1 is lower than the more elaborate models out of
sample. One interpretation of this finding is that the more complex volatility function
specifications overfit the observed structure of option prices. Out of sample, the more
parsimonious models tend to have smaller errors.

The prediction errors are also categorized by moneyness and time to expiration,
and summary statistics for each category are presented. The table shows that prediction
errors increase with the time to expiration, consistent with our conclusions based on
examining Figures 6 and 7. But, what is perhaps more interesting is that the at-the-money
options have the largest prediction errors for al times to expiration. This arises because

at-the-money options are the most sensitive to volatility (where time premium is highest).
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When options are deep in- or out-of-the-money, vaatility mismeasurement has lessimpad
on option valuation.

What is most trouling abou the analysis thus far is that, although the RMSVEs
must be mnsidered large for al pradicd purposes, we have no red means for evaluating
what size of valuation error shoud truly be cnsidered “large.” One benchmark that
comes to mind is the valuation error that would have been adchieved by means of the
Blad/Schales formula gplied to a fitted vdatility smile such as the ones of Figure 1.
Quite evidently, applying the Blad/Schdes formula to a nonconstant volatility is internally
inconsistent since the Blad/Scholes formula is based on an assuumption d constant
volatility. Nonetheless the procedure wuld concevably be used as a pradicd way of
predicting option prices.!” We would exped the DV option valuation model, which is
based on an internally consistent spedficaion, to represent an improvement on the
Black/Scholes approach.

To verify whether that is the cae, we implement on the Blad/Schales formula a
two-step procedure which is smilar to the one we have so far applied to the volatilit y-
function spedficaion. On day t, we fit the same switching volatility speaficaion to the
Blad/Schaes implicit volatility smile, and then, on dy t+7, we gply the Bladk/Scholes
formula to the same smile but given the new cash index level. The vauation errors that are
adhieved in this fashion are dso summarized in Table 2. Note that the Blad/Scholes
errors are dmost uniformly smaller than thase of the deterministic volatility approad. The
average RMSVE aaossthe entire sample period is 48 cents for the al hac Blad/Scholes
procedure, where it is nealy 56 cents for the DV (Moddl 1) option valuation model. In
viewing the various option caegories, the greaest pricing improvement appeas to be for
at-the-money options, whose average RMSVEs are reduced by 10 cents or more. Put
simply, the deterministic volatility approach dces not appea to be an improvement over

the traditional, albeit inconsistent, Black/Scholes formula with changing volatility.

" The Bladk/Scholes procedure muld not serve to predict American or exotic option prices from European
option prices, which is the major benefit claimed for the implied volatility tree approach.
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V. Hedging Results
A key motivation for developing the DV option valuation model is to provide
better risk management. If volatility is a deterministic function d asset price and time,
setting hedge ratios based on the DV option valuation model shoud present an
improvement over the nstant volatility model. In this sdion, we evaluate hedging
performance Our methoddogy assumes that the hedge portfolio is continuously
rebalanced through time. The hedge portfolio isformed on dy t and then is unwound ore

week later. Under this scheme, the hedging error is defined as
€ = DCoperveds ~ DCineoreticalyt » (7)

where AC, e, 1S the diange in the observed ogtion mrice from day t urtil day t+7 and
ACyeicay 1S the change in the model’s theoretical value.

Table 3 contains a summary of the hedging error results. Acrossthe overall sample
period, Model 0—the Bladk-Schaoles constant volatility model—performs best of all the
deterministic volatility function spedfications! Its average root mean squared hedging
error (RMSHE) is .4547,compared with .4892, .5078, .5084nd .5075for Models 1
through 3 and the switching model, respedively. The results indicae that the more
parsimonious is the volatility function, the better is the hedging performance.

The a hac Bladk/Scholes procedure described in the last sedion also performs
well from a hedging standpant. The average RMSHE is only .4406,and it outperforms
eah o the DV spedficaions in more than 50 percent of the days examined. Consistent
with the prediction results reported in Table 2, the DV option valuation model does not
appea to be an improvement. Better risk management results can oltained using an ad

hoc procedure.

VI. Summary and Conclusions
Claims that the Black and Schales (1973 vauation formula no longer hads in financid
markets have gpeaed with increasing frequency recently. When the Bladk/Scholes
formula is used to imply volatilities from observed prices of options, the volatility

estimates vary systematicdly aaossexercise prices and times to expiration. Derman and
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Kani (1994, Dupire (1994, and Rubinstein (1994 argue this g/stematic behavior is
driven by the fad that the volatility rate of ast return varies with the level of asset price
and time. They go onto propcse that volatility is a deterministic function o asst price
and volatility and develop appropriate binomial or trinomial option valuation procedures.
In this paper, we gply the deterministic volatility option valuation approach to
S&P 500index option prices during the period June 1988 through Decanber 1993 and
find anumber of interesting results. First, becaise of the limitl essflexibility of the volatility
function's gedficaion, the DV model aways does better in-sample than does the
constant volatility model. Second, when the fitted vdatility function is used to value
options one week later, the model’s predictions deteriorates with the complexity of the
asumed vdatility spedficaion. Third, hedge ratios determined by the Blad/Scholes

model appear more reliable than those obtained from the DV option valuation model.
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Table 1: Daily Average Root Mean Squared Valuation Errors for Estimation Models. RMSVE is the root
mean squared valuation error, computed ead day, and then averaged acoss all days in the sample period.
AVERR isthe average absolute valuation error outside the observed hid/ask quotes. FreqSW is the frequency of
days, expressed as a ratio o the total number of days, on which a particular model has a lower daily RMSVE
than the Switching Model.

Overall Sample:
RMSVE AVERR FreqSW
Model 0 .6497 .3484 .000
Model 1 .3010 .0946 .010
Model 2 .2300 .0517 147
Model 3 .2264 .0496 373
Switching .2268 .0499 —
Subcategories:
Days to Expiration
Moneyness (%) 40 or more but 70 or more but
Lower Upper Less than 40 less than 70 less than 100
RMSVE FreqSW RMSVE  FreqSW RMSVE FreqSW
-10 -5 Model 0 4333 .190 .5407 .239 .7916 .087
Model 1 2412 .550 2777 .396 .3565 115
Model 2 .2403 .238 .2770 .226 .3075 .337
Model 3 .2394 247 2771 .239 .3033 .058
Switching .2397 — .2776 — .3036 —
-5 0 Model O .5350 .021 .6550 .004 .6873 .029
Model 1 .3646 .080 .2453 .262 .3050 .184
Model 2 .1998 .226 .1978 .249 .2316 404
Model 3 .1930 .302 .1920 .253 .2292 .088
Switching .1933 — 1925 — .2292 —
0 5 Model 0 4469 .031 5711 .026 .7680 .015
Model 1 .3395 139 .2263 .389 .2465 415
Model 2 .1950 .236 .1861 .231 .2072 .370
Model 3 .1888 .260 .1819 .231 .2045 .074
Switching .1893 — .1819 — .2045 —
5 10 Model 0 4425 .188 .8514 .005 1.2568 .008
Model 1 .2266 672 .2462 470 .3320 .205
Model 2 .2541 .251 .2246 .219 2212 311
Model 3 .2560 .237 .2207 .219 .2065 .068
Switching .2561 — .2229 — .2065 —
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Table 2: Daily Average Root Mean Squared Valuation Errors for Prediction Models. RMSVE is the root
mean squared valuation error, computed ead day, and then averaged acoss all days in the sample period.
AVERR is the average ésolute valuation error outside the observed hid/ask quotes. FreqSW (FregBS) is the
frequency of days, expressed as a ratio o the total number of days, on which a particular model has a lower
daily RMSVE than the Switching Model (Black/Scholes Model).

Overall Sample:

Subcategories:

Moneyness (%)

Lower Upper
-10 -5
-5 0
0 5
5 10

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model
Model
Model
Model
Switching

Black/Scholes

WNEFELO

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model O
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

.7840
5572
.5665
.5626
5621
4829

RMSVE AVERR

4493
.2854
.2997
2975
.2969
.2266

FreqSW FreqBS

172 .089
460 .326
.265 405
.302 .395

— .395
.605 —

Days to Expiration

Less than 40

RMSVE FreqSWFregBS

4612
.2722
.2698
.2688
.2690
3111

.6422
4892
4517
4473
4483
4093

.5676
4694
4464
4477
4462
4164

.4600
.3047
.3139
.3180
.3151
.3325

.222
517
.209
.296

452

.282
.380
.233
.314

.557

.293
411
.310
.293

491
.266
.608
.283
.252

.455

.300
574
.543
.539
.548

.199
.373
429
446
443

.265
429
.505
.509
.509

.259
.580
.542
531
.545

70 or more but
less than 100

40 or more but
less than 70

RMSVE FreqSWFregBS RMSVE FreqSWFregBS

.6398  .277 .296 .7645  .240 .279
.3818 .535 .478 .5087 .365 .471
3959  .239 .478 5220  .231 .490
3924  .270 .465 5116 .221 .500
.3929 — .465 5114 — .490
4067 535 — 4976 501 —

.8515 .294 .189 .8342 .360 .221
.5842  .482 .360 7128  .500 .397
.6033  .254 .377 .8104 .316 .346
.6015 .298 .368 7799 191 375
.6039 — .368 .7847 — .368
4673 632 — 5591 632 —

7372 294 215 9341 274 .156
5515 461 .382 .6793  .556 .370
5707  .320 .390 7743  .356 .363
5741 276 .382 .7657  .185 .378
.5740 — .382 .7663 — .378
4528 618 — 5123 622 —

.8558  .156 .133 1.3147 .091 .038
4560  .408 .440 .6188  .402 .394
A577 312 436 .6184  .402 .439
4568  .252 .436 .6152  .189 .432
4564 — 445 .6145 — 432
4172 555 — 5070 568 —
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Table 3: Daily Average Root M ean Squared Hedging Errorsfor Prediction Models. RMSHE istheroot mean
hedging error, computed ead day, and then averaged aaossall days in the sample period. FreqSW (FregBS) is
the frequency of days, expressed as aratio of the total number of days, on which a particular model has a lower
daily RMSHE than the Switching Model (Black/Scholes Model).

Overall Sample:

Subcategories:

Moneyness (%)

Lower Upper
-10 -5
-5 0
0 5
5 10

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model 0
Model 1
Model 2
Model 3
Switching
Black/Scholes

Model
Model
Model
Model
Switching

Black/Scholes

WNEFELO

Model
Model
Model
Model
Switching

Black/Scholes

WNEFELO

RMSHE FreqSW FregBS

4547 577 467
4892 557 416
5078  .265 .395
5084 275 405
.5075 — 402
4406 598 —

Days to Expiration

Less than 40

RMSHE FreqSWFregBS

.3399
.2636
.2800
2776
.2790
.3252

.4081
.3762
.3694
.3675
.3674
.3551

.3728
4300
14119
4121
14109
.3670

.3466
.3140
.3148
.3163
.3143
.3191

70 or more but
less than 100

40 or more but
less than 70

RMSHE FreqSWFregBS RMSHE FreqSWFregBS

415 470 4148 510 .476 4412 456 .389
.585 .620 3796 594 .490 4432 567 .467
.250 .540 3990 .231 .406 4672 .344 456
.300 .565 3946  .336 .441 4526 111 478
— 575 .3966 — 427 4532 — 478
425 — 4064 573 — 3974 522 —
458  .427 4329  .618 .536 4733 536 .440
ATT 427 4796 .600 .423 5296  .632 .464
.238 .465 5056  .227 .400 .5634  .368 .408
.250 .485 5043  .264 .395 .5576  .088 .408
— .488 .5046 — .400 .5584 — .408
512 — 4199 600 — 4524 592 —
561 .496 4142 692 522 4472 625 523
424 355 5272 536 .326 5645 .625 .398
.267 .443 .5494 259 .362 .6099  .477 .383
.248 .443 5531 .250 .348 .6145  .070 .367
— .439 .5520 — .348 .6140 — .367
561 — 4120 652 — 4584 633 —
426 .418 .3478 577 .498 4413 570 .405
496 .500 4005 547 .398 4565  .653 .413
.287 512 4250  .274 .388 4969 504 .364
.270 .504 A277 244 383 .5069 .058 .347
— 512 4253 — .383 .5060 — .347
488 — 3420 617 — 4079 653 —
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Figure 1: Black-Scholes implied voaltility smile patterns on April 1, 1992. Implied volatilities
corresponding to call options of different times to expiration and different exercise prices are obtained from
quoted option prices by inverting the Black-Scholes formula. The two curves correspond to bid and ask
quoted option prices. Moneyness is defined as 100[( S—PVD )/ Xe"T-1], and volatility is expressed as an
annual percentage.
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